CHROMATIC SYMMETRIC FUNCTIONS
by
Jesse Campbell

Signature Work Product, in partial fulfillment of the
Duke Kunshan University Undergraduate Degree Program

March 9, 2025

Signature Work Program
Duke Kunshan University

APPROVALS

Mentor: Italo Simonelli, Division of Natural and Applied Sciences

Paul Stanley, Associate Dean of Undergraduate Studies



CONTENTS

1 A Background on (Chromatic) Symmetric Functions

1.1 IntroductionandResultd . . ... ..........
1.2 Symmetric Functions and Integer Partitiong . . . .
1.3 Chromatic Symmetric Functiong . . . . .. ... ..

R Graph Properties Preserved by the CSH
D.1 Graph Properties Preserved by the CSH . . . . . . .
0.2 Tree Properties Preserved by the CSH . . . ... ..

B Stanley’s Isomorphism Con'ecturel

3.1 Warm Up: PathGraphg . . ... ...........
3.2 A Simple Proof that the CSF Distinguishes Spiderq .
8.3 A Forest-Classification of the Difference of Two CSF

Acknowledgements

References

Signature Work Narrative

---------------

...............

...............

...............

N =

18
18
21

23
23
27
29

34

35

36



ABSTRACT

Stanley [14] introduced the Chromatic Symmetric Function (CSF) in 1995 as a symmetric function
associated to a graph G = (V,E) and defined via the proper colorings of G. One major open
question surrounding the CSF is whether it can distinguish tree graphs (up to isomorphism),
and it has been verified to be true for trees up to 29 vertices [9]. In Chapter E], we give explicit for-
mulas for the CSF of complete bipartitie graphs, windmill graphs, and lollipop graphs. Chapter
@ serves as a review of the graph and tree properties known to be preserved by the CSF. Lastly,
the major results of this paper are in Chapter E, where we give simple, combinatorial proofs
that certain infinite families of trees, namely path graphs with one leaf adjoined, and spiders,
are distinguished by their CSFs. Because our proofs are combinatorial in-nature and not al-
gebraic, they provide a unique insight into the structure of the CSF. Furthermore, we give a
classification of the difference of two CSFs of trees in-terms of forest graphs, which implies a
new approach to the proof that trees are distinguished by the CSF.

ii



Chapter 1

A BACKGROUND ON (CHROMATIC) SYMMETRIC
FUNCTIONS

1.1 Introduction and Results

The study of symmetric functions is not new, it dates back at least to the mid- to late-nineteenth
century [5], but it remains a very active area of research in algebraic combinatorics today. Ab-
stracting a system where symmetry is present to a representative symmetric function is useful
to apply the many powerful transformations in symmetric function theory, and then interpret
those new results in the context of the original system. The chromatic symmetric function
(CSF) is an example of this, exploiting the inherent symmetry in proper graph colorings. De-
spite its introduction 30 years prior, the CSF remains a highly active area of research today,
fueled by its open problems which are easily stated, but are very difficult to solve.

In Chapter 1, we give an overview of symmetric functions, including definitions of various
common bases. Furthermore, in this chapter we introduce the definition of the chromatic
symmetric function, as well as the most important combinatorial properties of the CSF which
will be used throughout the entire paper. We also introduce the special topic of chromatic
bases. Special attention should be given to Theorem . and Theorem ,E] which are
original to this paper and give explicit expressions for the CSF of particular families of graphs,
namely complete bipartitie graphs, windmill graphs, and lollipop graphs.

Chapter 2 serves as a review of the most notable graph properties which are known to be pre-
served by the CSF. In particular, we give original proofs for several of these properties. We
give a particular focus to properties which are preserved in the case where the CSF is known
to correspond to a tree, where we give high-level overviews of the relevant proofs.

Chapter 3 covers an open problem known as Stanley’s isomorphism conjecture, namely, that the
CSF distinguishes tree graphs. We begin by examining the simple family of graphs obtained
by adjoining a single leaf to a path graph. Theorem shows that the intuitive approach of
studying the algebraic difference in two CSFs is sufficient to recover the difference in the struc-
ture of the graphs themselves. Next, Theorem gives a simple, combinatorial argument
that trees with at most one vertex of degree greater than 3 can be reconstructed only using
their CSF. Finally, we give a new approach to the proof of Stanley’s conjecture in Theorem
, which is related to the result of Theorem , which states the algebraic difference
of two tree CSFs is an algebraic combination of CSFs of forests. In particular, we outline an
inductive proof of Stanley’s conjecture, and leave it as future work to complete this argument.

In general, we reserve the word Theorem for results which are original to this work.



This paper is written at the undergraduate level, and assumes only a basic knowledge of graph
theory and standard notations, as well as combinatorial reasoning.

1.2 Symmetric Functions and Integer Partitions

A symmetric function is, intuitively, a polynomial expression in an infinite amount of commu-
tative indeterminates, with the special property of invariance under any permutation of its
variables. To be more formal, let 7 : IN — IN be any permutation (i.e., 7 is a bijective map-
ping) and f(x1, %y, ...) € Qlxy, %, ...]. B Then we say f is a symmetric function if,

f(xl, X3, ) = f(xn(l), Xn(z), )

For example, the function,ﬂ

g(xq,xp,...) = H xlzx]-

(i,))eNxIN

is symmetric, and includes monomial terms such as x3,x;5 and x3,. For convenience, will usu-
ally omit the argument and denote the symmetric function f(x, x,, ...) simply as f. In fact, as
long as itis "large enough”, the number of indeterminates considered in a symmetric function
is usually irrelevant.

1.2.1 Integer Partitions

Integer partitions are essential to understand symmetric functions, as symmetric function
bases homogeneous of degree n are defined over the set of all partitions of n. First, we de-
fine integer partitions, and then several operations on integer partitions which will be useful
later-on in this chapter.

Letn € Z*. We say that A - n is an integer partition of n and write A = (A1, Ay, ..., Ay) if,
1. A;eZ foralll <i<k
2. Ay 2 Ay > ... > A (weakly decreasing)
.M+ A+ L+ A =0

In this case, we let define (1) = k to be the length of A. For convenience, if A; = A;;; = ... = A; for
i <j,thenwewrite A = (Aq,..4;q, /\{-_ZH, Ajs1, +Aypy)- For afixed nn, we let p(n) to be the number
of integer partitions of n, called the partition number of n. Interestingly, there is no known
closed-form expression for p(n). Next, we define several operations on integer partitions, but

note that the notation may not be standard.

Let A = (A1,Ay,...,4) + n be a partition of n. We say that y C A (u is a subpartition of A) if
t = (A Ac@) -+ Ax(ey), where € < k, for some strictly increasing function « : {1,2,..., ¢} —
{1,2,...,I(1)}. Moreover, we let A — i to be the partition A with the elements of ;1 removed, that
is A — u contains A; as a component if and only if i # x(s) for any s € {1,2, ..., £}. Similarly, we
let A + u to be partition obtained by sorting the multiset {u; : 1 <7 < ()} U {A; : 1 <j < I(A)}
in weakly decreasing order. If we let m = ) u;, then it is not hard to see that p - m, A — u is

2For our purposes, we take the coefficients of each monomial in f to be from the field Q, unless otherwise
specified. That said, symmetric functions are well-defined for any choice of a commutative ring of coefficients. Z
is often considered as a ring of coefficients over which to define the ring of symmetric functions.

30ne must be careful to distinguish between a “function” in the sense of a mapping from inputs to outputs, and
a ”function” in the symmetric function sense, which is a representation of a formal power series.



a partition of n — m, and A + yu is a partition of n + m. Lastly, if A = (n"™,(n —1)1,..,2™,1")
where eachr; > 0 for1 < i < n, we define A = r{!r,!...7,,!. Notice that in this case, the ;s are not
exponents in the traditional (real number) sense, but count the number of times i appears in
the partition A.

Finally, we define the lexicographic ordering on the set of partitions of a fixed integer n, which
is a total ordering. Namely, for A, u + n such that A # yu, let i be the smallest index for which
A; # uy; (if there is no such index, then A = u). Then, we say A < uif A; < y;, and otherwise
U <L A.

Example 1.2.1. The partitions of n = 5 are,

Al = (5) A2 = (4,1) A3=3,2 =311
A5=(2,21) A°=@2,1,1,1) A7 =(,1,1,1,1)

Hence, p(5) = 7. We can see that A’ >; A*1 forall1 < i < 7. Moreover, we have that u = (2,1) C
A8 A8 — = (1,1), and A® + u = (22,1%). Lastly, we have that (A® + u) = 2! - 4! = 48. O

1.2.2 Symmetric Function Bases

Let A" denote the set of symmetric functions homogeneous of degree 1, indicating that for any
f € A", the sum of the exponents in each monomial in f is n. It is well-known that A" is a finite-
dimensional vector space over QQ with dimension p(n) (or, more generally, A" is a Q-module),
where p(n) is the partition number of n. There are five commonly-used bases of A”. We give the
definition and some properties of each of these bases here.

Monomial Basis Let A ~ n be a partition of n. The monomial symmetric function m, is
defined as,

my = Z E xﬁl-...-x;(k

0[=(0¢1,...,0£k)~/\ j1 <...<jk

where @« ~ A if a is a rearrangement of the parts of A. Thatis, a = (An(i))ﬁ(jf where 7 :
{1,2,...,.10)} — {1,2,...,1(1)} is a permutation. Such an a is commonly referred to as a com-
position of n, i.e. a partition irrespective of any ordering of its parts.

We will show that the set m, over all partitions A I n is indeed a basis for A", proving that the
dimension of A" is p(n).

Lemma 1.2.1. The set m,, = {m, : A - n} of monomial symmetric functions homogeneous of degree
n is a basis for A".

. . . . . M Ay A
Proof. First, we will show linear independence of m,,. For any monomial of the form x7"x32...x, %,

such that Ele A; = n, there is only one partition of n whose parts are (A, A, ..., A;), up to rear-
rangement, call it A, and the monomial is a term in m,. Hence, for any two partitions, A # a,
m, and m, have no terms in-common. In other words, »,, , a,m, = 0if and only if 2, = 0 for
every A - n. Hence, the set m is linearly independent.

Next, we will show that the set m,, spans A". Let f € A". We will argue by induction on the
number of terms in f. If f = 0, then f = 0-m, for any A - n. Suppose f # 0, then f contains
aterm ay, - ORI AS a,m, where u = (1, i, ..., i). Furthermore, f —a,m, € A" and has
fewer terms than f. By induction on the number of terms in f, it follows that we can express

f as alinear combination of monomial symmetric functions in m,,. O



On the surface, this result seems trivial, but turns-out to be very useful to show that the other
symmetric function bases in this chapter are indeed bases of A" over Q. That is, we can write
each of the basis elements as a linear combination of monomial symmetric functions (see
Chapter 7 in [15] or Chapter 1.5 in [11] for explicit transition formulas), and cite Lemma
to complete the argument.

Elementary and Homogeneous Bases The elementary symmetric function basis is the collec-
tion of terms, e, = {e; = ¢y, - ... - A | A = n}, where,

k
Ck = Maky = Z Hx'i

jl <j2<...<jk i=1

That e, indeed forms a basis for A" is referred to as the Fundamental Theorem of Symmetric
Functions. This is due to the fact that, along with the basis property of e, the set {e,},>1 is
algebraically independent, that is, there is no nonzero polynomial g(a;, ay, ..., ;) such that
g(ey, ey, ...,e,) = 0. The result is the set of all symmetric functions is the set of all polynomials
with coefficients in Q over {e,},>1, or, A = Qley, ey, ...].

Next, the complete homogeneous symmetric function basis is the collection of terms {h, = h,, -
e h/\,@) | A = n}, where,

hy = E ﬁx'i

152 <. =1

Example 1.2.2. Terms such as x;x,x3x4 and x3X,0X3,X46 are monomials in both ¢, and 4. How-
ever, the terms x2x,x5 and x¢ are in k4 but not in e,. O

We are able to derive interesting, nontrivial properties about the various symmetric function
bases by considering their ordinary generating functions. For example, the ordinary generat-
ing function for the sequence of elementary symmetric functions {e,},>( is given by,

E()= D e,t" = +x8) o L+ x58) o= [JA + xit)

n>0 i€N

Likewise, it is not hard to see that the ordinary generating function for the homogeneous sym-
metric functions {h,},50 is,

1
1—Xit

Ht) = Y hpt" = A+ xt+ 23282 + ) - (Lt + 22+ ) o= [ |
n>0 ieN

And hence, remarkably, we discover the relation H(f)E(-t) = 1, therefore,

n

Y (~1ejh,_; =0

j=0
Furthermore, we define the usual involution @ on symmetric functions by w(e,) = h, for any

A+ n. It is interesting to examine the properties of the involution w on symmetric func-
tions whose coefficients have combinatorial interpretations. For example. in the case of the

4



chromatic symmetric function (CSF), applying the involution w transforms the CSF to another
symmetric function whose coefficients give information about the acyclic orientations of the
original graph.

Lastly, as an example of the statement from the end of the previous section about expressing
the basis elements of different symmetric function bases in-terms of the monomial symmetric
functions, we give the following lemma, which also reappears later in this chapter.

Lemma 1.2.2 ([15]). Let A = (Ay,..., Ay), 1t = (41, ..., 4¢) & n be partitions and M, the number of
0, 1-matrices with row sums A; and column sums s then,

€H = Z M/\/Hm/\
An

Power Sum Basis The power sum symmetric function basis is defined by {py = p;,-..-p, w A F
n}, where,

Pr = fo

ieN

Furthermore, the ordinary generating function for the sequence {%}nzo

1
P =Y %t" - log(H : _xjt) (1.1)

nelN jEN

Proof. By Taylor expansion, log (ﬁ) = YneN T Ty, Hence,

P(t)—zpn =) (xt)”‘zlog( ) lg(H11x~t)

neN nelN ]eN jeN jEN ]

More generally, we have the relation,

log(H(l xy) ) = e ~Pa()Pa ()

n>1

where x = (x1,X,,...) and y = (yq, V>, ...). In particular, we notice the expression for the gener-
ating function H(t) of the homogeneous symmetric functions appear in the expression (@).
Based on this observation and with a little more manipulation, we derive,

h, = Z Z/‘_\lp/b and by applying w, e, = Z g/lz;\lp/\

Abn Abn

where ¢, = (1) and z, is the number of permutations of o € S,,, where S, is the symmet-
ric group on # letters, such that 0 commutes with a fixed w, € S, with cycle type A, namely, the
blocks of w, in reduced form have lengths corresponding to the components of A. We direct
the reader to Chapter 7 of [15] for a full derivation. Indeed, generating functions are one of
the primary tools to discover relationships between symmetric function bases, among a host
of other interesting applications.



Schur and Skew Schur Symmetric Functions The Schur and Skew Schur symmetric func-
tions are defined via fillings of Young diagrams (also known as Young tableaux, or Ferrers di-
agrams), which have a deep connection to the mathematical study of representation theory,
particularly the representations of the symmetric group. We begin by giving an overview of
Young tableaux. Then, we define the Schur and Skew Schur functions.

A Young diagram is a representation of a partition A  n as a left-justified collection of boxes,
with the number of boxes in each row corresponding to one component of A, and the rows are
weakly decreasing in size from top to bottom. An example of a Young diagram for the partition
A =(4,2,2,1)is given in Figure ﬁl

12]5]6] 1[1]1]9]
BE 2
> 713
32 515
2 5 7
1 - ot
R Standard Young tableau Semlstandgrd Young
A=4,2,2,1) with shape 1 = (4,2,2,1) tableau with shape
pet =1%o A=(4221)

Figure 1.1: Examples of standard and semistandard Young tableaux.

The Schur symmetric functions can be defined combinatorially in-terms of Young tableaux,
although there are many other ways to define the Schur functions, such as in a purely algebraic
way. A standard Young tableau of a Young diagram with shape A is a way of assigning a unique
number from {1, 2, ..., n} to each box such that the entries are strictly increasing from left to right
and from top to bottom. An example of a standard Young tableau with shape A = (4,2,2,1) is
given in Figure El] In total, there are 180 standard Young tableaux with shape A

A related concept is that of semistandard Young tableaux, which is defined in the same way
as standard Young tableaux, except the entries are strictly increasing from left to right, while
they can be weakly increasing from top to bottom. The infinite set of semistandard Young
tableaux of shape A with entries in IN (with repeats allowed) is denoted as SSYT(A). Alterna-
tively, we can restrict the entries for the fillings to come from another partition y + n where
p = (41, to, -, Hx), indicating that there are u; boxes filled with the number i. In this case, we
let SSYT(A, u) refer to the (finite) set of semistandard Young tableaux with shape A and fillings
from p. The Schur symmetric functions are defined as,

Sy = Z xT

TeSSYT(A)
where xT denotes the monomial ] N xl-T(i) where T(i) is the number of /’s that appear in the
semistandard tableau T. For example, if T is the semistandard tableau in Figure @, then
xT = x3x,x4x2x,x9. Moreover, the set {s; : A - n} forms a Q-basis for A”.

The skew Schur functions are defined similarly, except they are indexed by the skew partitions
AJuwhere yu < A (uis contained in A) indicating thatif u = (uy, yp, ..., ) and A = (A1, Ay, ..., Ay),
thenm < nand y; < A;foralll < i < m. The shape of A/u is the shape of A overlayed with
the shape of 1, deleting all the boxes that intersect. And example of A/u is given in Figure
where A = (5,4,4,2,1)and u = (4,3,2).

We now define,



Figure 1.2: Shape of A/u where A = (5,4,4,2,1) and u = (4,3,2).

S/V}l = Z XT

TeSSYT(A/p)

Young tableaux are one of the main objects of study in algebraic combinatorics, and have many
nice combinatorial properties. Previously, we had mentioned that there were 180 standard
Young tableaux with shape (4, 2,2,1). One question that arises is whether there is a simple way
to count the number of standard Young tableaux of a certain type. In fact, there is a beautiful
formula, discovered by Frame, Robinson, and Thrall [16], called the hook length formula, which
does exactly that. We end our discussion of symmetric function bases by explaining the hook
length formula.

Let A - n be a partition and let [1] denote the set of squares in the Young diagram with shape A.
We label each box of [A] with an ordered pair (i, j) in the usual sense, with (0, 0) corresponding
to the top, leftmost box, with 7 increasing as we move to the right and j increasing as we move
down. An example of the ordering of the partition A = (5,4,4,2,1) is given in Figure @

(0,0)[(1,0)|(2,0)((3,0) (4,0)‘

(0,1)|(1,1)|(2,1)|(3,1)

(0,2)|(1,2)|(2,2)|(3,2)

(0,3)|(1,3)

(0,4)

Figure 1.3: Ordering of [A] where A = (5,4,4,2,1).

We then define then hook of a box (i, j) to be the boxes extending strictly to the left of (i, j) and
strictly below (i, j) that is, the set h;; = {(x,y) | x > i &y > j} and the hook length to be #h; ;.
An example of a hook and hook length are given in Figure IIZI] Let f* denote the number of
standard Young tableaux of shape A, then the hook length formula states,

Figure 1.4: Hook of (0,1) in [A] where A = (5,4,4,2,1). The hook length is #hy1 = 7.

n!

[ L — (1.2)
I jpeqa #1i



There are many proofs of the hook length formula, but one that is particularly elegant from
Greene, Nijenhuis, and Wilf [7] designs a randomized algorithm as follows: We first pick a box
(i,j) in the Young diagram at random, and then pick a box in /; ;. We continue this process until
the selected box lies on the right-most or bottom-most boundary of the diagram. In particu-
lar, let u be the partition corresponding to the Young diagram with the box (iy, jy) residing on
the right-most or bottom-most boundary removed. Then, the probability that the algorithm
terminates on (iy, jo) is exactly f#/f*. The result follows by noticing that f* = Em ), f# and by
normalization of probability measures, where u T A denotes that u is constructed from A by
removing a boundary square, as previously stated.

1.3 Chromatic Symmetric Functions

The chromatic symmetric function (CSF) was introduced by Richard Stanley in his 1995 semi-
nal work, A Symmetric Function Generalization of the Chromatic Polynomial of a Graph [14]. Given
a graph G = (V, E), the CSF of G is denoted as X and is defined as a sum over all proper color-
ings ¢ : V — IN of G. For readers who are unfamiliar, a proper coloring ¢ of G is a labeling, or
“coloring”, of the vertex set of G such that if (1, v) € E, then ¢(u) # ¢(v). We now define,

Xo= 2% = Y [T%0w
9

¢ veV

It is not hard to justify that X is indeed a symmetric function. Namely, we can identify the
vertices with the same labeling in any proper coloring, and permute the colorings associated to
each of these sets to obtain another proper coloring. Indeed, permuting the colors associated
to each set has the effect of permuting the subscript of the terms in each monomial.

Next, we review some basic properties of the chromatic symmetric function that will be fun-
damental to our later work. Firstly, we have the following result.

Lemma 1.3.1. Let G = (V1,E ) and H = (V,, E,) be graphs, and let G + H denote the disjoint union
of G and H, then,

Xc+H = X - Xy

Proof. Let¢g:Vy —» Nand ¢y : V, = IN. Let o, : V1 UV, — N be the unique mapping for
which ¢¢ yly, = ¢¢ (the restriction of ¢, to the domain V;) and ¢giuly, = ¢p. Then g isa
proper coloring of G+ H if and only if ¢ and ¢ are proper colorings of G and H, respectively.
Hence,

XG 'XH = E X¢GX¢H = Z X(PG"'H = XG+H
olelos PG+H

O
In the next section, we wish to express the chromatic symmetric function in different symmet-
ric function bases by finding a combinatorial interpretation of its coefficients.
1.3.1 Combinatorial Interpretations of the CSF

Monomial Basis The easiest and most intuitive basis by which to expand the CSF is the mono-
mial basis. We first define the augmented monomial symmetric functions as m; = Am,. We are



now ready to present the interpretation of the CSF of a graph in the (augmented) monomial
basis.

Lemma 1.3.2. Let A = (A, Ay, ..., Ay) = n = #V and a, be the number of partitions of V into
components of size Ay, Ay, ..., Ay such that there are no edges between any two vertices in the same
component.8 Then,

Xo =Y, anm,

Abn

Proof. The coefficient of the monomial x?lxgz...x,f" is the number of ways to choose a partition
of V into components of size 11, A,, ..., A, such that there are no edges between any two vertices
in the same component, and then color a component of size A; with the color i for each i €
{1, ..., k}. Let r; be the number of components with size A;, then there are r;! ways to color the
vertices in the components with size A;. O

Therefore, we can reduce the problem of computing the CSF of a graph to counting the num-
ber of partitions of V into independent sets type A - n. As it turns out, for certain families
of graphs, such as complete bipartite graphs and windmill graphs, this counting is relatively
simple, and allows us to compute the CSF easily (see Theorem ).

Power Sum Basis Like the monomial basis, expressing the CSF in the power sum basis also
has a simple combinatorial interpretation, which is particularly useful in proving theorems
about the CSF. In this section, we outline Stanley’s original proof of this combinatorial inter-
pretation, as well as a more modern proof based on the deletion-contraction rule for a gener-
alization of the CSF to weighted graphs. As a bit of notation, if G = (V,E) isa graphand S C E,
then we denote by G(S) = (V, S) the subgraph of G with edge set S. Moreover, we denote by
Ac(S) the partition of n = |V| formed by sorting the number of vertices in each connected com-
ponent of G(S) in weakly decreasing order. Where G is obvious, we omit from the subscript
and simply write A(S). We are now ready to state the result.

Lemma 1.3.3 ([14]).

Xo = X, (-1)Flp)
SCE

Proof. Fix S C E. We have that,
pas®) = Y x?
PeKs

where Kj is the set of all colorings which color the vertices within the same connected compo-
nents of G(S) with the same color. Hence,

D Epue @) = DD Y, x¢

SCE SCE PeKsg

=) x? ) (-1
¢

SCE¢

“Such a set of independent vertices is, intuitively, called an independent set. If the sizes of a partition V into
independent sets correspond to the parts of A, we call it a partition of V into independent sets of type A.



where the first sum is over all colorings (proper or not) ¢ : V. — N and the set E,, refers to the
set of edges with both endpoints colored the same in ¢. Suppose that for a coloring ¢, Eg, is
nonempty, then,

#Eg,

1S _ oo _
) EDF = (D) 0
k=0

SCE¢ k

by symmetry of binomial coefficients. Hence, the double sum (1.3) selects only the colorings
¢ that are proper, which is exactly the definition of X. O
Before we give an alternative proof of this result, we first introduce the vertex weighted CSF as
defined by Logan and Spirkl (2020) [4].

Definition 1.3.1. Given a weighted graph G = (V,E,w) with w : V — IN, we define the vertex
weighted chromatic symmetric function of G as,

XGw) = ; I1 x;;’((;’)’

veV

where the sum is over all proper colorings ¢ : V — IN.

Furthermore, the main contribution of Crew and Spirkl was to provide a deletion-contraction
rule for the vertex weighted CSF. This rule is inspired by the deletion-contraction rule for the
chromatic polynomial, which is a primary tool for proving theorems. For the traditional CSF,
such a rule is not possible as any contraction of an edge necessarily changes the degree of the
symmetric function. We state this rule next.

Lemma 1.3.4 ([4]). Let G = (V,E, w) be a vertex weighted graph and let e = (u,v) € E be any edge.
Then,

XGw) = X(Gew) = X(Glewle)

where G\e is the graph G with edge e removed, G/e is the graph with the vertices u and v contracted to
the vertex w, and (w/e)ly_jy,») = @ly_jy,0) With (w/e)(w) = w(u) + w(v).

Proof. See Lemma 2 in [4], pg. 6. O
We are now ready to present the proof of a generalization of Lemma .

Lemma 1.3.5 ([4]). Let G = (V,E, w) be a vertex weighted graph, then,

XGw) = Z D™ paw,s)
SCE

where A(w, S) is the partition of n = Y, _,, @(v) whose components are the total weight of the vertices
in each connected component of G(S).

10



Proof. LetE = {eq,ey,...,e,}. We first apply the deletion-contraction rule (Theorem ) to the
edge e;, namely,

X(Gw) = XGer,0) = X(Gley,wfer)

Next, we continue this decomposition by applying deletion-contraction to the edge e, in the
graphs (G\e;, w) and (G/e;, w/e;), obtaining an expansion of X,y with four terms. Similarly, in
step i, we apply deletion-contraction to the edge ¢; all 2! terms in the expansion of X(g ) until
we reach step m, at which point we have the equation,

X = 25D X(6s00) (1.3)
ScE

where (Gs, ws) is the graph G with the edges S contracted and deleting all the edges in E\S in
orderofey, ey, ..., e,. Itisclear that the graph (Gg, ws) has no edges, and each vertex corresponds
to one connected component in G(S), since they are formed by the contraction of the vertices
in each connected components of G(S). Furthermore, the weight of each vertex in (Gg, ws)
is the sum of the weights of the vertices in a unique connected component of G(S), by our
definition of edge contraction on the weight function w. Lastly, we note that if K, the graph
with no edges and vertices of weight A = (11, A5, ..., A¢), then Xg = p,. Then, the result follows
immediately from (@). O

Lemma is indeed a true generalization of Lemma [1.3.3, as the latter result can be recov-
ered simply by letting w = 1.

Lastly, we give a final characterization of the chromatic symmetric function in the power sum
basis by considering the lattice of contractions £ of a graph G, namely, the partially ordered set
whose elements are the connected partitions of vertices in G, and whose connections are an
ordering by refinement. First, we introduce a beautiful theorem in the study of posets called
the Mobius inversion formula, which generalizes the inclusion-exclusion principle for counting
elements of set unions.

i = ({112)3)4})
|
L({1;2},{3;4})} [({1;2;3};{4})} L({l};{2:3;4})}

| | |
{({1,2},{3},{49} [({1},{2,3},{49} [({1},{2},{3,4})}

|

Figure 1.5: A graph (left) and the Hasse diagram of its lattice of contractions -#(; (right).

Lemma 1.3.6 (Mobius inversion formula, [15]). Let P be a poset such that if t € P, then the set
Q; = {y € P:y <t} has finite cardinality. Let f,g : P — K, where K is a field. Then,

g(t)= ] f(s), forallte P

SEQt
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if and only if

f(H =Y, g6s)uls, t), forallt e P

SEQt

where i : P — Z. is the Mobius (counting) function, defined by,

us,s) =1 forallse P
pls,u) = -2, (s, t)  foralls<uinP

Now, we directly get the following result for the CSF.

Lemma 1.3.7.
Xg = 2 1O, TP ypern)

ﬂEfG

where 0 is the minimal element in %, namely, the set {{v} : v € V(G)), and type(rt) where 1 =
(V1, Vy, ..., Vi) € £ isthe partition of |V| obtained by sorting (|V1l, V5|, ..., |V|) in weakly decreasing
order. Moreover, y(@, 71) 1S nonzero for every m € 4.

Proof. For each o € £, define,
X, = Z x*
K

where the sum is over all colorings « : V. — IN which give the same color to all vertices in the
same block of ¢ and if (1,v) € E, then k(1) # x(v). Then, for each coloring «, of G, there is a
unique 0y € - such that « is included in the sum in the definition of X, . It follows that for
any m € £g,

Prype() = D Xo

02Tt

and by the Mobius inversion formula (Lemma ),

Xn = Z ptype(a)#(nr 0)

g2Tl

Finally, the proof follows by noticing that X; = X5, where the RHS is the chromatic symmetric
function of G. 0

1.3.2 Chromatic Bases

One interesting result about the chromatic symmetric function that has inspired much recent
work is forming a CSF basis for the set of symmetric functions. Surprisingly, we have the fol-
lowing lemma of Cho and Willigenburg.

Lemma 1.3.8 ([2]). Let {Gy}r>1 be a set of connected graphs such that Gy has k vertices for each k > 1.
Moreover, defineGy = G, + Gy, +...+G Ay where the ”+” operation on graphs is as it is in Lemma

, then {X¢, : A + n}is a Q-basis for A",

12



Proof. Since the set {p, : A - n}is a Q-basis for A", it suffices to show that if X =X | ciPa,
then ¢, # 0. However, it is clear that there exists an element © € #;; , namely the maximal
element 1 such that type(rr) = A, hence by Lemma , ¢, = u(0,m) # 0. Moreover, since
{Xg, + A F n} contains at most p(n) unique elements and dim(A") = p(n), it must be a Q-basis
for A". O

Furthermore, the set {X, }i>1 is algebraically independent, like the set {¢;};-1, such that one
may even consider calling the above lemma the Chromatic Version of the Fundamental Theo-
rem of Symmetric Functions. Previous work such as [2, 6] has examined the bases formed by
CSFs of families of graphs with simple structures, such as paths and stars. In particular, the
main contribution of [2] was giving explicit expansions of several simple families of graphs in
known symmetric function bases in order to better understand chromatic bases. Their results
are summarized in the following lemma.

Lemma 1.3.9 ([2]). Let K,, be the complete graph, S,, be the star graph, P,, be the path graph, and C,,
be the cycle graph, all on n vertices. Then,

(l) XKn = n!en

.. ! n

(i) Xs, ., = Z(—l)r(r)l?(rﬂ,w—r)
r=0

(iii) XPn = E (_1)11—27:1 7 (Zizl r;)!

n A
A=, 1")n IT,_,(r)!

(iv) ch = z (_1)11—2?:1 7 (Eizl !

n
A=, 1" )en IT_, (r)!

(14 2605 s+ a7,

=2 i=1 Vi

Proof. See Theorem 8 in [2], pg. 4. O

We extend the results of [2] by giving explicit formulas for the chromatic symmetric function
of the complete bipartitie graph K,, ,, and windmill graph Wj , in the monomial symmetric
function basis, and the lollipop graph L, . in the power sum basis. The complete bipartite
graphs K,, ,, are one of the most famously-studied families of graphs, which consist of a sets
of n independent vertices and m independent vertices. Then, every possible edge between
the two sets is in the edge set of K|, ,,. The windmill graphs are a generalization of friendship
graphs. Specifically, W, , is formed by taking r independent copies of the complete graph K,
and adjoining the graphs together at one vertex. See Figure [L.¢ for an example of a complete
bipartite and windmill graph.

Theorem 1.3.1. LetK, ,, be the complete bipartite graph with n+m vertices and Wy , be the windmill
graph which is the composition of r copies of Ki. Then,

A n!-m!
(l) XKnm = — my
/ /U—(nz-i—m);;’l ﬁ . (/\ — #) Al'AZ'/\l(A)'
ucA

(i) Xw,, =(k=1" D 1Moy @1
Abr(k=1)+1

where rq is the number of 1’s in A, and My, (k-1y) is the number of I(1) X r matrices with entires in
{0,1} such that there are exactly (k —1) 1s in each column and y; 1s in the i row.
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Proof. (i) By Lemma , for each partition A + n + m the coefficient of m, in Xy is the
number of partitions of V into independent sets of type A. Let V; be the set of n vertices in
K, m» with no edges between them. Likewise, let V, be the set of m vertices in K|, ,, with no edges
between then. Since for every u € V; and v € V5, (u,v) € E(K, ,,), then any independent set
in K}, ,, must be a subset of either V; or V,. We first pick the sizes of the independent sets in
Vy, represented by u = (uy, ..., tix) C A. Suppose that we have not chosen any independent sets
from Vy, then there are ( :1) ways to choose an independent set of size uj, since each vertex in

V; in independent with respect to every other vertex in V;. Likewise, there are (ﬂ—m) ways to
H2
choose the independent set of size u, from the remaining n — u; vertices in V; after the first

independent set has already been chosen. Continuing in this way, there are,

lﬁ): (n -yl yg) n! (n— wy)! (n = X we)! n!

S\ ) ml— )= = ) 1= B g !

ways to choose independent sets with sizes corresponding to y from the set V; where each
independent set is distinct.F It is not hard to see that, by the same logic, there are,

1)) (m _ EQ: YA =) [) !
(A= i1 (A= (A = w2l (A = @iy

j2=1

ways to choose independent sets with sizes corresponding to A—u from V, where each indepen-
dent set is distinct. Lastly, we must account for the overcounting in the choice of independent
sets. Namely, if there are multiplicities in the partition p or (A — u), then we are overcounting
the choices of independent sets with the size of these repeated numbers as the order in which
they are selected does not matter. To account for this, we divide each product in the sum by

—

1/fi and 1/(A — u), respectively.

(ii) We first note that there are no nontrivial independent sets (those containing more than
one vertex) containing the center vertex (where all of the complete graphs are adjoined) in Wy,
sinceitis connected to every other vertexin Wy ,. Hence, for any partition A = ((#V)™*v, ..., 1) I
#V such that r; = 0, we must have that the coefficient of 7, in Xw,, is. 0. Therefore, we restrict
ourselves to partitions with r; > 0.

Assuming that the central vertex is in an independent set of size 1, we wish to find the number
of ways to groups the remaining vertices, which can be thought-of as r independent copies of
Kj-1 into independent sets of size A — (1). We call the graph of W , with the central vertex and
all of its adjacent edges removed Wy .. Moreover, by (i) in Lemma ,

Xuy, = (X,
= ((k=1)lex1)’
= (k - 1)!76((k_1)r)

= (k - 1)” 2 M/\,((k_l)r)m/\
Abr(k-1)

SThis is equivalent to the counting performed by “multinomial coefficients”, which are not used here for im-
proved clarity of the result.
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where we used Lemma in the first step and Lemma in the final step. Hence, by
the interpretation of the augmented monomial symmetric functions from Lemma , there

are, (1/A — ()(k — 1)"M1_qy) (k-1)ry Ways to choose independent sets of size A — (1) from Wy ,.
Therefore the coefficient of m, in Xy, is (1/A = (1))(k = 1)I"M_qy) (k-1)r), O, equivalently, the

coefficient of my in XWk,r is (X//\ - (1))(k - 1)!VM(/\_(1)),((k_1)!r) =n (k - 1)!VM(/\_(1)),((k_1)!r). Conve-
niently, this selects all partitions such that r; > 0, so we don’t need any restrictions in the sum
over A. U

Example 1.3.1. We verify the formula (ii) from Theorem for the simple case where Wy, =
(V,E)and A = (1*V). Since there is only one way to partition the vertex set into independent
sets each of size 1, namely, by putting each vertex into its own independent set, Lemma
tells us that the coefficient of 7, in Xw,,,» denoted by [%]Wk,r , should be exactly 1. That is,
[malw,, = #V)! = (r(k-1) + 1)L

We first compute the value of M1yt ((e-1yr)5 which is the number of #(k — 1) X r 0,1-matrices
such that there is a single 1 in each row and k — 1 1s in each column. Every such matrix is a
permutation of the rows of the matrix A which has A;; =1 where (i -1)(k-1) <j < i(k—1) and
A;; = 0 otherwise. There are (r(k—1))! total such permutations. Moreover, for any (i-1)(k—1) <
j1 < Jo < i(k —1), permuting rows j; and j, in A does not change the matrix (since the rows
are identical). There are (k —1)!" total such permutations. It follows that My 1) (k-1yry) = r(k —
DY (k-1)!".

Lastly, we note that r; = r(k — 1) + 1 where A = ((#V)"*", ...,1"). Finally, (ii) in Theorem
gives the following expression.

(r(k - 1))!

e (r(k = 1) +1)!

[malw,, = k=D (r(k-1) +1)
U

Interestingly, equation (ii) from Theorem gives a correspondence between the numbers
M, under certain conditions and the number of independent sets in a graph. In our proof,
we relied on an algebraic abstraction to the elementary symmetric functions, however, one
wonders if the same result can be shown in a purely combinatorial way, as there is a simple
combinatorial interpretation of the coefficients M, ,. It's worth nothing that the coefficients
M, , arerelated to the Kostka numbers, which express the decomposition of permutation mod-
ules in terms of the irreducible representations of the symmetric group, and hence play a key
role in the field of algebraic combinatorics.

Figure 1.6: Complete bipartite graph K 3 (left), windmill graph W, 4 (center), and lollipop graph
L9,6 (rlght).
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A lollipop graph on n vertices with girth ¢ < 7 is the cycle graph C, with a path of length n — ¢
attached to any vertex in the cycle. See Figure @ for arepresentation of Ly ¢. The next theorem
gives an explicit formula for the chromatic symmetric function of any, arbitrary lollipop graph.
In the statement of the next theorem, we abuse the notation of the so-called "Kronecker delta”
by defining for a condition S and an object O,E

1 if O satisfies S

65(0) =
s(©) {O if O does not satisfy S

Theorem 1.3.2. Let L, . be the unique lollipop graph on n vertices with girth c, then,

ZCA pa

An

where A = (n™, ..., 1),

) -1, k,
Cy = CK—(lc) “Opy50)(A) + Z Ci_ (kC)

{1<k<n—c:r>0}

n
+ ), (k+c-n): (=1)(rR~(Ziy i) iy ri = D7

+(=1)" - bpp,=1)(A)

{n—c<k<n:r;>0} H?:l(ri)-
and,
c+1 (EC+1 1)
c = (r m e e T sy T ) o)+ (1)
Hz 1(7")! j=2 21 i~ 1

(n—k)-(z?“r-—n(zfﬂ ri= Dy c+1
+ ) k=11 = ] + (DT 0, =1y(A)
{1<k<c+1:r;>0} Hl 1( 1)

Proof. We proceed by induction on the length of the path adjoined to the cycle in L, , that is,
on n. For the base case (n = c + 1), we attach a leaf arbitrarily to a vertex in the cycle graph
with ¢ vertices to form L., .. Lete € E( o+l C)ﬂ be the unique leaf edge in L., .. For a fixed
Ao + n, we wish to apply Lemma ) by counting the number of subsets S C E(L,; ) such
that A, (8) = Ag. We divide our analy31s into three disjoint cases.

In the first case, we have e ¢ S, in which case the unique leaf of L., . will always be discon-
nected from the rest of the graph. Hence, if ; = 0 in A, there is no way to choose a subset S
such that AL, (S) = Ag. Assume, then, that r; > 0, then the number of ways to choose S such
that A; (S) = A is exactly the number of ways to choose a subset S, ¢ E(C.) where C, is the
cycle graph on c vertices, such that Ac.(Sp) = Ag = (1). Part (iv) of Lemma completes the
argument, giving us the term,

CH =D & r;
1y Ei i1 1= 1 —1)——L— ) 810y (A) + (<1)8;, 11 (A
(1) T (+j:§;(7 )Egri_l) o) + (182, ()

8T credit Dr. Pascal Grange for introducing this notation to me.
"For a graph G = (V, E), we let E(G) = E, thatis, E(G) is the edge set of G. Similarly, we say V(G) = V is the vertex
set of G.
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In the second case, e € Sand S # E(L.1.). In this case, we suppose that e is in a connected
component of L., .(S) with vertex size k, where k > 1 is fixed. The key observation of this
proof is that the remaining graph without the connected component containing e is a path
(see Figure @), so the number of ways to choose S given e is in a connected component of
size k is the number of ways to choose a subset S; ¢ E(P,_;) where P,_; is the path graph on
n — k vertices such that Ap ,(S;) = A — (k). Moreover, there are k — 1 ways to position the
connected component containing e on the graph of L, .. Part (iii) of Lemma @ completes
the argument, giving us the term,

c+1
Y ko) by i D
c+1 |
{1<k<c+1:r;>0} Hi:1 (ri)‘

In the last case, S = E, from which we get the term (—1)C+16{r0+1:1}(/\).

Figure 1.7: Fixing the size of the connected component containing e in Ly g to be 5, the remain-
ing graph is always a path on 4 vertices, that is P,. Moreover, there are 4 ways to position the
blue edges.

For the inductive step, suppose that for any A, - b, Cﬁg correctly counts the number of ways
to choose a subset S C E(L;) such that AL, (8) = Ao, and 1 < b < n. Let e be the unique leaf

edgein L, .. In the first case, we suppose thate ¢ S, in which case there are exactly Cﬁjﬁ ways

to choose a subset S € E(L,, ;) with A(S) = A if r; > 0, and 0 otherwise.

In the second case, ¢ € S, and we consider the size of the connected component of L, .(S)
which contains e. Suppose the vertex size of this connected componentis1 < k < n — ¢, then
the remaining graph besides the component containing e is exactly L, ., from which we con-

clude there are CZ:’(‘,’(C) ways to choose a subset S with AL, (8) = A. If the size of the connected
component containing e is greater than n — ¢, then the analysis is the same as in the base case,
namely, the remaining graph of L, .(S) except for the connected component containing e is a
path graph. In this case, there are notably k — (1 — c¢) ways to place the connected component
containing e onto the graph of L, .. The result follows from Lemma . O

We end with a short discussion about chromatic bases. Recently, it has been shown in [6] that
there is a simple algorithm for computing the CSF of a tree in the star basis. Moreover, by
determining the smallest partition of n in lexicographic order that has a nonzero coefficient
in the star-basis expansion of the CSF, they show that all trees of diameter less than 5 are dis-
tinguished by the CSF. Furthermore, they prove that the set of chromatic symmetric functions
of all trees is a p(n) — n + 1 dimension subspace of the set of symmetric functions. It remains
to be shown what other nontrivial properties can be proven by examining the CSF in other
chromatic bases, such as the path basis.

Moreover, another question about chromatic bases is which of these bases are Schur positive,
namely, each basis element is a positive linear combination of Schur symmetric functions. For
example, the basis {Xg :n > 1} is Schur positive as we have the relationship e, = s(11.
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Chapter 2

GRAPH PROPERTIES PRESERVED BY THE CSF

Stanley [14] gave a notable example of two nonisomorphic graphs on 5 vertices which share
the same chromatic symmetric function. This example negatively answers the question of
whether the chromatic symmetric function distinguishes all nonisomorphic graphs. However,
the question still remains open, and is conjectured to be true, for tree graphs (see Chapter E).
A natural extension of Stanley’s counterexample is to obtain a complete classification of the
graph properties preserved by the chromatic symmetric function. In this section, we give a
review of the major graph and tree properties encoded in the chromatic symmetric function
known so-far. The proofs for Lemmas P.1.1}, 2.1.2, 2.1.3, 2.2.1| were discovered independent
of a reference for this paper, although the results themselves are well-known.

\ / .
/ \‘ BN
Figure 2.1: Stanley’s counterexample of two non-isomorphic graphs on 5 vertices with the

same CSF. The coloring of each graph is proper and corresponds to the term x;2x,%v,! in their

CSF.

To review some notation from the previous section, we let [p,]s (or any other base, for that
matter) be the coefficient of p, in X;.

2.1 Graph Properties Preserved by the CSF

2.1.1 Number of Vertices and Edges

Itis not hard to see that the chromatic symmetric function preserves the number of edges and
vertices of the graphs to which it corresponds, which is summarized in the following lemma.

Lemma 2.1.1. Let G = (V,E) be a graph. X preserves the number of vertices n = #V and the
number of edges m = #E in G.

Proof. By definition, Xg = ¥ IT,cyx,) Where x : V — N is a proper coloring of G. Hence,
each monomial in X has degree n.

For the number of edges, we note that for an edge subset S C E, A(S) = (2,1"7?) if and only if
#S = 1. It follows immediately from Lemma that the number of edges m = [pp 1n-2)lg. O
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2.1.2 Number and Size of Connected Components

Like the number of vertices and edges, the number of connected components of a graph is
immediate from the combinatorial interpretation of the CSF in the power sum basis.

Lemma 2.1.2. X preserves the size and number of connected components in G = (V, E).

Proof. Let Xg = X, , capa, and let Ag = (A1, Ay, ..., Ay1)) be the largest partition of 7 in lexico-
graphic order such that c;, # 0. By Lemma , c, # 01if and only if there is some subset of
edges S C E such that the connected components of G(S) have size A4, Ay, ..., Aj»), accordingly.
Furthermore, removing edges from G can only have the effect of increasing the number of con-
nected components. It follows that A(S) = A if and only if S = E. Hence, I(Ag) is the number
of connected components in G and (A4, A,, ..., Ay)) is the sequence of the sizes of connected
components in G. O

2.1.3 Number of k-Edge Matchings

For k € Z*, a k-edge matching is a subset of edges S C E such that #S = k and each edge in
S is disjoint from every other edge in S. In other words, each edge in S connects two unique
vertices in G.

Lemma 2.1.3. Letk € Z*. X preserves the number of k-edge matchings of G.

Proof. We will once again consider the power sum symmetric function basis. The number of
k-edge matchings is simply the number of ways to choose S C E such that there are exactly k
connected components of size 2 in G(S) and n — 2k connected components of size 1. By Lemma
, this number is [ppr 1n-2r)] in the power sum expansion of Xg. O

2.1.4 Number of Triangles

A graph triangleis defined as K3, or the complete graph of 3 vertices. The number of triangles in
a graph G is the number of induced subgraphs of K; that exist in G. For example, the complete
graph K, has (g) triangles (one for each triplet of vertices). The following clever argument

from Orellana and Scott [13] establishes that the chromatic symmetric function captures the
number of triangles in a graph.

Lemma 2.1.4 ([13]). X preserves the number of triangles, Tg, in G = (V, E).

Proof. Let S?? be the number of 2-edge matchings in G (see Subsection ). By Lemma
, S@2) = [P g2 1+-22)] in Xg. Furthermore, let S® be the number of edge subsets of size 2

such that G(S) contains three connected vertices. We have that (#215) = S22 1+ 5O, By Lemma

, X¢ preserves #E. It follows directly that X preserves S®. Finally, by Lemma ,
[p310-9] = S® + T, so X preserves the number of triangles in G. O

2.1.5 Sum of the Vertex Degrees Squared

In general, the chromatic symmetric function cannot distinguish the degree sequence of graphs,
as there are pairs of nonisomorphic graphs known for which their chromatic symmetric func-
tion is the same, yet they have differing degree sequences (such as Stanley’s counterexample
in Figure @). However, for the special case of trees, the degree sequence is known to be pre-
served by the CSF (see Section @). A slightly weaker result is known that the sum of the
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squares of the degrees in general graphs are preserved by their CSFs. This result was proven
originally by Orellana and Scott [13].

Lemma 2.1.5 ([13]). X preserves the sum of the squared vertex degrees of a graph G = (V4,Eq),
namely the quantity,

Y, d@y?

veV(G)

Proof. Let 5@ and S® be defined as in the proof of Lemma P.1.4. In particular, (#ZE) =5@2) 4

$®, so by Lemma P.1.1, X preserves S@). Suppose that we are given another graph H =
(V,, E,) such that X; = Xp. We can count S©® by noting that it is uniquely determined by
the choice of a central vertex and two vertices incident to the central vertex. In specific, since
Xg = Xy, the number of ways to pick a central vertex and then pick two edges incident to that
vertex is the same in both G and H. In equations,

d d
D ( G(v)) =2 ( Hz(v)) = Y (@@ -dc©) = Y} [@r(0) - dy(0))

veVy 2 veV, veVy veV,
= Y dg(0)’ = ) du(v)?
veVq veVy

where the last implication follows from Lemma and the fact that, for any graph, 3, _, d(v) =
2 - #E. O

2.1.6 Girth

Girth is one of the main graph invariants used to classify and study graphs. The girth of a graph
is the length of the shortest cycle within a graph. For example, the cycle graph C,, clearly has
girth n for n > 3. More interestingly, the famous Petersen graph has a girth of 5. In 2008, Martin
et al. [12] showed that the chromatic symmetric function of a graph preserves its girth, which
is summarized in the following lemma.

Lemma 2.1.6 ([12]). X preserves the girth g of G.

Proof. To begin, let k € Z* such thatk > n — g + 1. It follows that n — k < ¢ — 1. We will show
that for a subset S C E, I(A(S)) = k if and only if #S = n — k. Firstly, since n — k < g, any such
subset S must be acyclic, and therefore G(S) has exactly k connected components.m Alternately,
suppose that G(S) has exactly k connected components, then /(A(S)) = k. The maximum size
of any component of G(S) is n — (k- 1) < g, so G(S) must be acyclic, therefore it has n — k edges.
Lemma implies that,

#E
Shde= 3 D= 3 (1) = (k- (n _k)

AFn SCE SCE
I(A)=k A(S)=A #S=n—k

1Tt is not hard to show this fact by induction. Namely, suppose G is an acyclic graph with n — ¢ edges and k
connected components. Since G is acyclic, removing an edge must disconnect one connected component into two
connected components, giving a graph G’ with n — (e + 1) edges and k + 1 connected components. Clearly, once G/
has n connected components, it is the empty graph on n vertices, son — (¢ + (n — k)) = 0, hence e = k.
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Now, suppose that k = n — g + 1. We will show that for a subset S C E, G(S) has k connected
components if and only if either it (1) has n — k edges or (2) is a cycle of length g. To begin,
suppose that G(S) has k connected components. If #5 = n — k, we are done. So, suppose that
#S # n —k, thatis, #S > n — k + 1 = g, then by definition of the girth g, G(S) must contain a
cycle C. However, since G(S) has k connected components, there are at least k —1 vertices that
do not belong to C. It follows directly that ¢ < #V(C) < n - (k—1) = g, so C is a cycle of length
g. Furthermore, S cannot have any edges that do not belong to C, since this would imply that
G(S) has fewer than k components.

Going in the other direction, (1) implies that G(S) has k components by the same reasoning as
before. Alternately, if G(S) is a cycle of length ¢ = n — k + 1, then there are k — 1 vertices not in
the cycle, hence G(S) has k connected components. Letting I' denote the set of g cycles in G,
we have that,

2 lpde= X (P + BDHO = (1t (n#_E k) + (1) R (1ynk ( . )

An SCE Cel' n-k
1(A)=k A(S)=A

since #I' > 0. Let k be the largest such that )} y, [palc # (-1 . (#Ek). It follows that g =
I(A)=k n-
n—k+1. O

2.2 Tree Properties Preserved by the CSF

2.2.1 Number of Subtrees with j Vertices

A subtree is a connected subgraph of a tree. In the power sum symmetric function basis, it
is straightforward to see that chromatic symmetric function of a tree captures the number of
subtrees with j € {1, ..., n} vertices.

Lemma 2.2.1. Let T be a tree graph. Then Xy preserves the number of subtrees of T with j vertices
forjefl, .., n}

Proof. Any subgraph of a tree with one connected component of size j and all other connected
components of size 1 must be a subtree with j vertices adjoined with n —j independent vertices.
Likewise, if S C E is the edge set of a subtree with j vertices, then G(S) has one connected
component of size j and n — j connected components of size 1. It follows from Lemma
that the number of subtrees with j vertices is [P 1m-5)]- O

2.2.2 Degree and Path Sequence

The degree sequence of a graph G is the set of vertex degrees in G sorted in weakly decreasing or-
der. Similarly, the path sequence of G is defined as the sequence P(G) = (Py(G), P1(G), ..., P,(G)),
where P;(G) is the number of inducted path subgraphs P; are contained in G, and p is the length
of the longest induced path in G.

It was proven by Martin, Morin, and Wagner [12] in 2008 that the chromatic symmetric func-
tion determines another graph polynomial, called the bivariate subtree polynomial St of a tree
T. In specific, St is defined in the following way,

Sr=Sr(gn) =Y, ¢*°r*O

subtrees S
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where L(S) is the set of leaf edges in T(S). Furthermore, it is known that the bivariate subtree
polynomial preserves the degree sequence and path sequence of a graph. We direct the reader
to [1] for a full proof that Sy preserves the degree and path sequences of T.

In particular, [12] proved that the bivariate subtree polynomial can be expressed as a linear
combination over the partitions A |— n = #V of the number of subsets of the edge set E(G)
such that A(S) = A. By Lemma ), this implies that X7 contains enough information to
reconstruct S, when expressed in the power sum basis. The formal statement of the theorem
from [12] is given next.

Lemma 2.2.2 ([12]). For everyn >1 and for every tree T with n vertices,

q,r>=§]§] E (A1, /)ea(T)

i=1 j=1

where

R By COR S A di—d)lw(/\k—l)
oip = ) S S

and XT = Z}U—n C/\(T)PA'

Proof. See Theorem 1 in [12], pg. 7. O

Using their result, [12] showed that the chromatic symmetric function distinguishes the infi-
nite family of spider trees. That is, the degree and path sequences of T are sufficient to deter-
mine T, if T is a spider.

2.2.3 Trunk Size and Twig Sequence

Crew [3] extended the result of [12] by showing that the information contained in St alonside
the known properties which are preserved by X are sufficient to recover the size of the trunk
and the length of the twigs in any tree T.

The trunk of a tree T, denoted by T°, is the minimal subtree which contains all the vertices of
degree at least 3 in T. By contrast, a twig corresponding to a leaf / of T is the longest pathin T
containing / such that every vertex which is not an endpoint of the twig has degree 2. We give
a rough proof that Xt preserves T°, but refer the reader to [3] for the proof that the length of
the twigs are preserved.

Lemma 2.2.3 ([3]). From X7, we can recover (i) the size of T° and (ii) the length of all twigs of T.

Proof. (of (i)) Suppose that T has a leaves. In particular, by Lemma {2.2.1, we can recover the
value a from X7. Suppose that S is a subtree of T with a leaves. Then, S must contain the trunk
T°. Moreover, S must contain every edge which is adjacent to a vertex of degree greater than 3.
Hence, the smallest subtree with a leaves is the subtree which contains the trunk T° and one
edge for each of the a leaves in T. From Lemma , we can recover St from Xy. From Sr,
we find the smallest value v such that there exists a subtree of T with v vertices and a leaves. It
follows from the above reasoning that #V(T°) = v — a. The proof of (ii) follows from a simple
argument and can be found in [3]. O
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Chapter 3

STANLEY’S ISOMORPHISM CONJECTURE

Professor Richard Stanley not only introduced the chromatic symmetric function in 1995, but
also stated two big questions, motivating its further study. The first asked for sufficient condi-
tions for the CSF to the e-positive, that is, have positive coefficients in the elementary symmet-
ric function basis, called the "Stanley-Stembridge Conjecture”, and has recently been solved
[10].51 The other still remains open to this day, and is commonly dubbed Stanley’s isomorphism
conjecture, Staney’s tree conjecture, or Stanley’s tree isomorphism conjecture.

In particular, Stanley proposed that two trees are isomorphic if and only if they have the same
CSF. So far, this conjecture is widely believed to be true, and has been verified for trees up to
29 vertices [9]. Proving the conjecture would have applications to many far-reaching areas of
mathematics and beyond. For example, it would allow us to efficiently implement algorithms
to check for tree isomorphisms by checking any of the characterizations of the coefficients
for the CSF of trees in any symmetric function basis, such as the number of independent sets
corresponding to each partition of n (see Lemma @).

In this chapter, we begin in Section Ell, introducing the topic of Stanley’s isomorphism con-
jecture by considering a simple, infinite family of trees which are constructed by adjoining
a leaf to a path graph. Then, in Section @, we extend the results of [12] and [3] by showing
that spider trees can be reconstructed using the information in their CSF. This work culminates
in Section @, where we give a new approach to the proof of Stanley’s conjecture based off
induction on the "isomorphism distance” between two trees.

3.1 Warm Up: Path Graphs

To begin this section, we give a simple, combinatorial argument to show that graphs produced
by adjoining a leaf to a path graph can be distinguished from one another based on their CSF.

In particular, let P, be the path graph with n vertices, and let P, , denote P, with a leaf adjoined
to the k! vertex, where vertices are labeled sequentially such that the vertex labeled 1 is a leaf,
and k € {1,..,[n/2]}. We wish to show that by studying Xp ,, we can recover k, and hence
reconstruct the graph. We begin by giving a few examples of these types of graphs, and their
corresponding CSFs in the power sum basis.

1Tt suffices for G to be the incomparability graph of a “claw free” poset, that is, a (3 + 1)-free poset.
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X
(left) P31 — —puy +2p@31) + P2 — 3Pe11) + Paii0)

. X
(right) P3, — —puy +3p@a1) + 0p22) = 3pP@1,1) + Pai,11)

We know that, if Stanley’s conjecture is true, the information of the structural difference in
the two graphs must be contained in the algebraic difference of these symmetric functions,
namely, it is encoded in the object,

Xpyy = Xpy, = P31 +P22)

We continue to look at more examples to try and make a conjecture about the way this infor-
mation is encoded. For convenience, we define the notation o(A) as set of partitions u + n
for which p <; A where < is the lexicographic (total) ordering on partitions. Likewise, we let
opy) =2 seo() WPy for some undetermined coefficients a, which may be 0.

1 |

X
(left) Py1 — ps —2pu1) — 2P32) + 3p@1,1) +0(PE1,1)

) X
(right) Py, — p5 = 3pu1) — Pe2) +4Pe11) +0o(PE1,1)

] . |
| | |

X
(left) Ps; — —pe) + 2P5,1) + 2P@2) + Pa3) +0(PE3)
X
(center) P5s, — —pe) +3p51) + P2 + P33 +0(PEs)

. X
(right) P55 — —p) + 3p5,1) + 2P@a2) + 0p@z) + 0(ps3)
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For simplicity, we define for a fixed n, [k : j], = Xp,_, - Xpn],. Then, we have,

n=4 n=>5 n==6
(1:2]3=-pa1 +Pe2y [:2la=pu1y—pe2+oPaeiy) [1:2Is=-ps1)+pu2 +opay)
[1:3]5 =-pi1) +PEs) +oPE21)
[2:3]5 = —pug) +PE3) +0(PE21)

Itis not difficult to see that for n = 4,5, 6, the two leading terms in lexicographic order of [k : j],,
where j # k always are indexed by a partition of length 2, and the second component in those
partitions are k and j, respectively. Establishing this fact for arbitrary n would not only prove
that this family of graphs can be distinguished based on their CSF, but it interesting as one
would not expect the CSF to capture the difference in the graphs in such a simple and obvious
way. We prove this fact next. First we introduce the vertex distance ys(-, -) between two vertices
of a graph G, which is simply the number of vertices in the shortest path between them. We
define y5(1,v) = oo if there is no path between u and v. Where G is clear from context, we
omit it in the subscript. For example, if #; and u, are the two leaves in P,, where n > 2, then

Vpn(”yuz) =n.

Lemma3.1.1. Fixn € Z* andatuple (k,j) € {2,3, ..., |n/21}x{2, 3, ..., [n/21}. The unsigned coefficient
of Pn—k+1,k) 11 Xpn/j, denoted by [p(n—k+1,0)] Py is the amount of the four inequalities below that are
satisfied.

j<k-1 (3.1)
j<n-k (3.2)
i>n-k+2 (3.3)
izk+1 (3.4)

Proof. We wish to apply Lemma by finding the number subsets S ¢ E(P,, ;) such that A(S) =
(n—k+1,k). Let £ € V(P,;) be the leaf that is adjoined to the path graph P, to construct P,
(see Figure @). Since k > 1, £ cannot be in a connected component of vertex size 1 in P, (S).
Furthermore, if £ is in a connected component in P, ; that does not contain any other leaves of
P, j, then P, ;(S) must have at least 3 connected components, therefore [(A(S)) > 2. Therefore it
suffices to find the number of unique subsets S ¢ E(P,, j) such thatin P, ;(S), { is in a connected
component of either size k or n — k + 1 and contains at least one other leaf of P, ;. Then, by
putting the vertices not in this connected component into another connected component, we
have that A(S) = (n -k +1,k).

Let 11 be the closestleaf to £ with respectto y (if j = [n/2] and n is odd, we can pick either of the
leaves in P, ; that are not ¢ to be u;). We notice that we can put ¢ in a connected component of
size k which contains the leaf u; if and only if y(¢, u;) < k. Likewise, we can put £ in a connected
component of size n — k + 1 which contains u; if and only if y(¢,u;) < n — k + 1. By the same
logic, we wish to study the inequalities y(¢, u,) < k and y(fuy) < n—k +1, where u, is the other
leaf in P, ;. We notice that (¢, u;) = j +1and y((,up) = n —j + 2, giving the inequalities in the
statement of this lemma.

Moreover, since k < [n/2], 2k < n+1, therefore n —k +1 # k. Hence, putting ¢ into a connected
component of size (k OR n — k + 1) containing leaf (u; OR u,) are indeed four distinct cases. [
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Up Uy
----@ °

® ®
6 5 4 3 2 1

Figure 3.1: An example of a subset S C E(Py; 3) such that A(S) = (7,5). In specific, we can find
such a subset since y(f,u;) =4 <k =5.

Theorem 3.1.1. Fixn € Z* andlet1 <k,j < [n/2] and k # j. Then,

Xp, = Xp,; = D" M Pokrip = Pormje) + AE arpa
Fn
1(1)>2

Proof. We prove the result by looking at three disjoint cases for the values of k in the tuples
(k,j). In the first case, let k = 1 and consider the tuple (1,1), Then, [p(nrl)]pn,k is the number of
leaves in P, . Hence, [p(,1)lp,, = 2. Furthermore, consider the tuple (1, /), where 1 < j < [n/2],
then P, ; has 3 leaves, therefore [p, 1] P = 3. Therefore, the proof is complete with respect to
the coefficient of p(, 1), that is,

|1 ifk=1and1 << [n/2]

Pale,, = Peple,; = {0 otherwise

Suppose now that1 < k < |n/2]. Then the tuple (k, k) only satisfies inequality (@) from Lemma
ﬁ. It follows that [P(r-k+10]p,, = 1. Next, suppose thatj = 1, then P, ; = P,,;, and since
k < |n/2], there are two unique edges in P, such that their removal gives a subset S ¢ E(P,,,1)
with Ap . (S) = (n -k +1,k), hence [p(n_kﬂlk)]pnlj = 2. Thirdly, suppose 1 < j < k. Then the pair
(k, j) satisfies only inequalities (@) and (@) from Lemma . It follows that [p, 1,1 Py = 2.
Finally, suppose that k < j < [n/2], then the pair (k, j) satisfies only (@) and (@), therefore we
again have [p(,_t11)] P = 2. The proof is complete this case.

In the last case, we have k > |n/2], in which case n is odd and k = (n + 1)/2. In this case, there
is no way to put £ into a connected component with either of the other leaves in P, ; such that
the connected component has size k. Therefore [p(,_ks1lp,, = 0. Moreover, if j = 1, then
only removing the unique center edge (that is, the edge connecting the two unique centroids
of P,; = P,,;) will give a subset S c E(P, ;) such that A(S) = (n —k +1,k), so [p n_k+1,k)]pn1j =1.
Lastly, if 1 < j < [n/2], then the tuple (k, j) satisfies only inequalities (@) and (@). However,
since n —k +1 = k in this case, putting y in a connected component with u; of sizekorn—k+1
is the same connected component, so there is only one unique subset S ¢ E(P,;) such that
A(S) = (n -k +1,k). Therefore [p(,—k+1,0)] Py = 1. Finally, we have verified the statement of the

theorem in this case. The term (-1)""! follows from #S = n — 1 and Lemma . O

As we will see later, studying the algebraic difference in the CSF of two graphs, as we have done
here, is a useful technique to understand the differences in the graph structure. In particular,
this is an idea that we have not seen in the literature as an approach to Stanley’s isomorphism
conjecture. More on that idea is given in Section @ In fact, our result here is a specific
instance of the main result in Section , as the trees we considered here are in-fact spiders.
However, our analysis is more careful in giving an explicit characterization of the algebraic
difference of the CSF of two trees in this section, which is not done in the next section.
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3.2 ASimple Proof that the CSF Distinguishes Spiders

Spiders are a certain infinite family of trees which have at most one vertex with degree greater
than 2, call it u. It’s not difficult to see that a spider, S = (V, E) is uniquely defined by the length
of it’s legs, that is, the sequence (y(I, u)),c1(s)- In particular, we define a leg to be the path from
a leaf in S to the vertex u. In this section, we give a simple, combinatorial proof that spiders
can be reconstructed from the chromatic symmetric function.

This result was first proven by Martin, Morin, and Wager [12] by showing that the chromatic
symmetric function is a stronger graph invariant than the subtree polynomial (see Subsection

), and using the properties preserved by the subtree polynomial, namely the degree and
path sequence, to show that spiders are distinguished. Later, Crew [3] showed the same re-
sult in a different way by using the additional information of the trunk size and twig lengths
(see Subsection @, However, Crew’s still proof still relied on the subtree polynomial, and
therefore does not provide insight into how the CSF can distinguish spiders. By contrast, our
proof directly uses the properties of the CSF in the power sum basis to give the result, there-
fore showing how to reconstruct a spider from Xs. Moreover, it is significantly simpler than
the proofs in [12] and [3].

Theorem 3.2.1. Let S = (V,E) be a spider, then S can be reconstructed from Xs.

Proof. First, we note that for a subset S C E, G(S) is a subtree of S containing k vertices adjoined
with n—k independent vertices if and only if S is constructed by taking the entire edge set E and
trimming a leaf edge, that is, an edge such that one of its endpoints is a leaf, iteratively n—k times.
By this, we mean removing a leaf edge, then removing a leaf edge in the remaining graph, and
so on, n—k times. Moreover, by Lemma the number of such subsets S is exactly [p 1n-+]s-
For example, [p(,-11)]s is the number of leaves of S, which is also the number of ways to remove
aleaf edge one time from S. In particular, define L; := [p(,-11)]s as the number of legs in S with
length at least 1.

Now, consider [p,_, 12)]s. Either we can remove a leaf edge from two different legs or, if a leg
has length at least 2, we can remove a leaf edge twice from the same leg. In this way, we have

Ly
[Pn-2,12)] = (2 ) + L

where L, is the number of legs with length at least 2. In the same sense, we can write L, =
f(Lx-1,Lg_p, ..., L1) for some explicit expression f, which implores an approach by induction.

Namely, suppose we are given the numbers (Ly, Ly, ..., L) and that L; correctly counts the num-
ber of legs in S with length at least j, for 1 < j < k. In particular, we can assume that there is
at least one leg in S with length greater than k, as else we can already reconstruct S using the
given information.

Consider the coefficient [p,_;_; 1k+1)]s, which is the number of ways to iteratively trim k + 1
leaf edges from S, irrespective of the order of trimming. We note that we trim leaves from at
least two different legs if and only if we do not trim more than k leaf edges from any single leg.
Moreover, given Ly, Ly_4, ..., L, the number of legs with length exactly j for 1 <j < k is given by
a; = Lj;y — L, and we define a; = L;. The number of ways to remove k + 1 leaf edges from at
least two legs is the number of integer solutions to x; + x; + ... + x;, = k +1 such that the value

of x; does not exceed the length of the i" leg (where we assign an order to the legs arbitrarily).
That is, we trim x; leaf edges from the /" leg. We have,
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1 et I, -2t
(k+Dldxk+l (1 -x)h

f(ak, K1,y X1, Ll) =
x=0
That is, we isolate the coefficient of x**! in the generating function for this integer composition
problem.E Since the cases where we remove k + 1 leaf edges from a single leg and the cases
counted by f are disjoint, we have,

Lyyy = [P(n_k_1,1k+1)]s - f(Lkr Ly1,...,Ly)

Lastly, we can find the sequence of leg-lengths from (Ly, Ly, ..., L,), where p is the length of the
longest leg in S, as the number of legs with length exactly jis L; — L1, forany1 < j < p -1,
which uniquely determines S up to isomorphism. O

Example 3.2.1. Suppose we are given the following CSF of a spider,

Xs ==pe) + 3051 + 2P@u2) — SPu12) — 4Pe21) T OPE13) ~ Pe3) T 5Pe212) — 5Pt + Pas)

From [ps1y]ls = 3, we know that S has 3 leaves. From [p2)]s = 5, we know that there are
5- (g) = 2 legs of length at least 2, hence there is one leg of length 1. Moreover, there are 5

integer solutions to the equation x; + x, + x3 = 3 such that 0 < x; <1and 0 < x,,x3 < 2, hence
there are [p(343)]s —5 = 0 legs of length 3 in S. O

——@

Figure 3.2: Spiders S from Example 3.1 (left) and Example 3.2 (right).

Example 3.2.2. Suppose we are given the following CSF of a spider,

Xs =4pg1) +8P612) + 11p513) + 100 14 + P 15) + P16y + D, 4aPa
An
A#(k,187F)

From [piz1)] = 4, we know that S has 4 leaves. From [p(12)] = 8, we know that there are
8 - (g) = 2 legs of length at least 2, hence there are two legs of length 1. There are 10 integer

solutions to the equation x; + x, + x3 + x4 = 3 such that 0 < x;,x, <1and 0 < x3, x4 < 2. Hence,
there are [p(513)]s — 10 = 1 legs of length at least 3. Therefore there is one leg of length 3. [

2There are many ways to do this counting, but we use an approach by generating functions since it lends itself
to efficient computation and, for our purposes, there is no need for a closed-form solution.
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3.3 A Forest-Classification of the Difference of Two CSFs

As we have seen in Section @, given the chromatic symmetric function of two trees, Xr, and
Xr, it is useful to analyze the symmetric function Xr, — Xr, in order to understand the relative
differences in the structure of the two trees. In this section, we give a characterization of the
function X7, — X7, in-terms of a sum of chromatic symmetric functions of forest graphs. In fact,
there is no intuitive reason to expect that the difference in the CSF of two trees corresponds to
the CSF of a graph at all. Furthermore, we end with a discussion about Stanley’s isomorphism
conjecture, and how the ideas used leading to our main result can be applied to prove the
conjecture.

Before we can prove our main result, we first need the following lemma of Orellana and Scott.

Lemma 3.3.1 ([13]). Let Gy, be a graph with the adjacent edges e; = (v,v1), e; = (v,v;) and e3 =
(v1,03) € E(Gy). Define,

Gi3 = (V(Gy2), (E(G12) — {e2}) U {es})
Gy3 = (V(Gy2), (E(G12) — {er}) U {es})
Gy = (V(G12), E(G12) — {e2})
Gz = (V(Gy12), (E(G12) — fer, e2}) U {es})

Then, XGI,Z = XG2,3 + XG1 - XG3'

Proof. See Corollary 3.2 in [13], pg. 6. O

This lemma states that by shifting an edge in a graph, that is, changing the graph G , to the
graph G, 3, the CSF correspondingly shifts by a factor of X, — Xg,. Our main idea is to repeat-
edly apply this "shifting” operation to completely transform one tree into another. However,
some preliminary work needs to be done to justify that such a transformation is even possible.
The main technical barrier to overcome is handled in the following lemma.

Lemma 3.3.2. Let T; = (Vy = (uq, Uy, ..., u,),E1) and T, = (V, = (v4, 05, ...,0,,), E>) be two labeled
trees such that the correspondence uy <> vy is not an isomorphism. Then, there are always numbers
1<i; <jy <nandl <i, <j, <n such that,

1. (w;,uj) € Ey but (v, v;,) ¢ Ep, and (u;,, u),) ¢ Eq but (v;,,v;,) € Ep

2. Eithert the unique path from u;, to u;, in T, does not contain u;

71’
to uj, in T, does not contain uj, .

or the unique path from u;,

Proof. We first prove the existence numbers (iy, i», j1, j») that satisfy (1.). Then, we show that if
this choice does not satisfy (2.), then this implies must be another choice that does satisfy (1.)
and (2.).

Since the correspondence 1 < v is not an isomorphism, there must exist1 < 7; < j; <nsuch
that the edge (u;,u;,) € E; but (v;,v;,) ¢ E,. Moreover, this implies that there are numbers
1 < i < jp < nsuch that (u;,,u;,) ¢ E; but (v;,,v;,) € E;. This fact follows directly from the
property that #E; = #E, = n —1.

Now, suppose the choice of (i, iy, j;, /) as above does not satisfy (2.). That is, with generality
up to switching i; and j;, both the unique path from u;, to u;, in T; and the unique path from uj,

3Exclusive, i.e. XOR or &.
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to u;, in T contain the vertex u; . Then, by adding the edge (u;,,u;,) to E, we create the cycle
uj, —> U, = uj, = Uj Therefore, in order to preserve the acychc property in T,, there must
be at least one pair of numbers 1 <1} <j; < nsuch that the edge (i, up) € Epis either on the
unique path from u;, to Ui, OF the path from u;, to u;, in Ty, and (v, v) eE E,. Finally, since the
edge (ui, u ) ison the unique path in T; between ulz and uj,, the cho1ce of numbers (i1, i, j1, j2)
must satlsfy both properties (1.) and (2.). d

Before continuing in the proof of our main result, we define the function Agr : .7, X .7, — Z*
(Agr for "agreement”) where .7 is the set of labeled trees on n Vertlces,H suchthatforT; = (V; =
(uqg,uy, ..., u,),E1) and T, = (V, = (v1, 0, ..., 0,), Ep), Agr(Ty, T,) is the number of ordered tuples
(,7) Wlthz < jsuch that (u;, u;) € E; but (v;, ) € E,. In particular, we have that if Agr(Ty, T;) = 0
then T is isomorphic to T,, however the converse may not be true.

The next lemma is the primary ingredient of our main result, and defines one "step” in the
algorithm which transforms T, into T,.

Lemma 3.3.3. Let T; = (V1 = (uy, uy, ..., u,), E1) and T, = (V, = (v4, 0, ...,0,,), E2) be two labeled
trees such that Agr(T,,T,) = m > 0. Then, there is an algorithm which produces a tree T = (V =
(wq,wy, ..., w,), E) such that Agr(T,,T) =1 and Agr(T, T,) = m — 1. Moreover,

{1+
Xr, = Xr+ Y Xp - Xp
i=1 l

where Fl-l, 1—"12 are forests, and {1, {, are path lengths which are explained below.

Proof. We have that Agr(T;, T,) = 0 if and only if the correspondence u; < v, is an isomor-
phism between T; and T,. Therefore, from Lemma B.3.2, let (i, i, j1,j2) be numbers which sat-
isfy properties (1.) and (2.). We will construct an algorithm which replaces the edge (u;,, u;,) €
E, with the edge (u;,, u;,), keeping the other edges in E; the same, and call this new graph T.

Without loss of generality, suppose the unique path from u;, to u;, does not contain u;;, and call
this path by = (u;, = g, a4, ..., ¢, = u;,). Then, from (2.) in Lemma , we also have that the
unique path from u; to ), does contain u;,, therefore the unique path from uj, to u;, does not
contain u;,, and we call this path h; = (u;, = o, f1, .-, Be, = U},)

The first step in the algorithm is to apply Lemma tothe edgese; = (ag, u;;) and e; = (@, 1)
The result is (1) a tree T' = (V;,E}) where E} is the same as E;, except the edge (ap, uj) is
replaced by the edge (ay, u;,), (2) a forest F') such that E(F!) is the same as E; with the edge
e, removed, and (3) a forest F(1?) such that E(F(1?)) is the same as E; without the edges ¢; or e,,
but with the edge (a;, u;,) adjoined. Moreover, Xy, = Xt + Xpa —Xpa2. We continue by letting
r=1,e = (a,u;)and e; = (a, a,,1), then applying Lemma @Fon T", and incrementing r.
The algorithm terminates when r = ¢; + 1. Finally, we have constructed graphs {T"},,,, and
forests {FUD}, ., op , {F7P}1 < <, such that, T? = (V, E}) where E is the same as E;, except the
edge (u;, u;) is replaced by the edge (u;,, u;, ). Moreover, we have,

1
Xr, = Xpoy + X, Xpen) — Xpoo)
r=1

“The popular ”"Cayley’s Formula”, named for Arthur Cayley, states that #.7, = n"2
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We then apply this entire algorithm again to T‘1, but the role of uj, is replaced by the vertex
u;,, and the role of h is replaced by h,. As a result, we get a tree T = (V,E) where E is the
same as Ey, except the edge (u;,, u;,) is replaced by the edge (u;,, u;,), hence, Agr(T;, T) =1 and
Agr(T,T,) = m —1. Moreover,

0y {1
Xr, = (XT + 2 Xaon — Xc<r,2>) + E Xro) — Xpeo)
r=1 i=1
where G/, 1 <r < £,,] € {1,2}, is a forest on n — 2 edges. O

It is now simple to prove our main result.

Theorem 3.3.1. Let Ty = (Vy = (uq, uy, ..., 1), E1) and T, = (V, = (vq, 0, ..., v,), Eo) be two labeled
trees. Then there is an algorithm which produces two sets of forests 7, F,, each with precisely n —2
edges, such that,

Xr, = Xr, + ), X, —Xp,
F1€.97‘1
F2€f/72

Proof. 1f Agr(T;,T,) = 0, then T; and T, are isomorphic, therefore Xy, = Xr,. Otherwise,
Agr(Ty,T,) = m > 0, and we apply the algorithm from Lemma iteratively m times to get
the result. O]

This result is well-motivated in the search for a proof of Stanley’s isomorphism conjecture.
Namely, one can consider an approach by induction on the number of vertices in a tree. We
can assume that Stanley’s conjecture is true for trees with fewer than n vertices, and that we
are given that X, = Xr,, where T; and T, are trees on n vertices. Then, after labeling the trees
arbitrarily and running the algorithm from Lemma , we must have that,

Z XF1: E XFz

FieA Fes
Moreover, we have the following result of Wang, Yu, and Zhang [17].

Lemma 3.3.4 ([17]). Let m,r € Z*. Let T be a forest with components Ty, ..., T, and F be a forest
with components Fy, ..., F,. Suppose Xt = Xr. Then m = r, and there exists a permutation t of [m]
such that X7, = XEo fori e [m].

Proof. See Lemma 2.2 in [17], pg. 4. O

Therefore, if we can give a one-to-one correspondence between the CSFs of forests in .#; and
F,, we can say that the forests themselves are isomorphic, based on our inductive assumption.
From there, it should be simple to tell that the two original trees are isomorphic. As evidence
for this, a classical result states that trees are reconstructible from only the deck of subgraphs
admitted by removing a leaf [8], and in our case we only wish to tell two given trees are the
same; the reconstruction is unnecessary. As a "proof of concept”, we give the following simple
result where the correspondence mentioned above is forced, since #7; = #7, = 1.
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FL) C; c, F1,2) c,

Figure 3.3: Representation of FI'V) and F?) from Lemma . In particular, it is not hard to
see that Cr, ~ Cp, and C; ~ C, implies that T} ~ T).

Lemma 3.3.5. Suppose X, = Xg, where Ty = (V1 = (uq, iy, ..., uy), E) and

Ty, = (Vy, = (vq,0y,...,0,), Ey). Moreover, suppose that Arg(T1,T,) =1, {4 = 1, {, = 0, where {;
and €, are defined as in the proof of Lemma , and Stanley’s conjecture is true for trees with < n
vertices. Then Ty is isomorphic to T,.

Proof. There is only one choice of (i, j1, i, j») that satisfies both (1.) and (2.) in Lemma .
Moreover, because ¢, = 0, we have that j; = j,. Consider the graph T = (V,E) where E = E; -
{(ui;, ujy), (u;, u;,)}. Then T has exactly three connected components. Let C; be the connected
component of T containing u; , C, be the connected component of T containing u;,, and C; be
the connected component of T containing u;, .

After running the algorithm in Lemma B.3.3, we have that X1 = Xpa2), where F') has one
connected component C; and C; adjoined by the edge (u;,, u;,), call it Cr,, and the other con-
nected component C,. Likewise, F1?) has one connected component C, and C; adjoined by
the edge (u; , u,), call it C,, and the other connected component C;.

By Lemma and by matching based on the number of vertices (i.e. C, cannot be isomor-
phic to Cp, since C, strictly contains C,, and likewise C; # Cr,), we have that XCF1 = XCFZ
and X¢, = Xc,. Moreover, since we are assuming Stanley’s conjecture is true for all trees with
fewer than n vertices and Cy,, C; are trees with fewer than n vertices for i,j € {1,2}, Cr, ~ Cp,
and C; ~ C,. From here, itis not hard to see that T; ~ T, (see Figure @ for avisualization). [

We can consider Lemma to be the base case of the following result, which is itself the
base case of an inductive proof of Stanley’s conjecture.

Lemma 3.3.6. Suppose X, = Xg, where Ty = (V1 = (uq, iy, ..., uy), E1) and
T, = (V, = (v1,0y,...,v,), Ey). Moreover, suppose that Arg(Ty, T,) = 1 and Stanley’s conjecture is
true for trees with < n vertices. Then Ty is isomorphic to T.
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Proof outline. We apply induction to the value of ¢;. The base case is covered in Lemma .
Once we have established the statement of Lemma for an arbitrary {; = m, a symmetric
argument establishes the result for an arbitrary ¢,, since the algorithm invoked is the same
(see Lemma ). O

Now, Lemma acts as the base case in a proof of Stanley’s conjecture based on induction
of the value of Agr(Ty, T,).

Theorem 3.3.2 (Stanley’s isomorphism conjecture). If Xr, = Xr,, then Ty is isomorphic to T,.

Proof outline. We apply induction to the number of vertices in T; and T,. Namely, suppose
that for all trees with fewer than n vertices, the statement holds true. For the base case, the
conjecture has already been verified computationally for trees up to 29 vertices [9].

We give an arbitrary labeling to the trees T; and T, such that T; = (V] = (uy, uy, ..., u,), E;) and
Ty = (Vo = (v1,0y,...,0,),Ey). We apply induction to the value of Agr(T;,T,). The base case
of Agr(Ty,T,) = 1is handled in Lemma . Moreover, suppose that for Arg(Ty, T,) < m, if
Xr, = Xr,, then Ty is isomorphic to T,. For the inductive step, we wish to show that the result
holds for Agr(T;, T,) = m.

Then, for any arbitrary labeled graphs T; and T, on n vertices, there is some natural number
k less than n such that Agr(Ty, T,) = k, therefore the result holds in general that X1, = Xr,
implies T is isomorphic to T,. Stanley’s conjecture follows by induction on . O

We leave it as future work to ourselves, and more broadly to the many researchers working on
Stanley’s conjecture, to complete the two inductive steps left unfinished in the proof outlines
of Lemma @ and Theorem .
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SIGNATURE WORK NARRATIVE

The study of chromatic symmetric functions lies very clearly in the field of algebraic combi-
natorics, which uses methods from combinatorics to study topics in algebra such as group
theory, algebraic geometry, and algebraic topology. As such, it is not surprising that two of
the three thematic courses I have taken which provided a strong foundation for my comple-
tion of this work are (1) Discrete Math for Computer Science (COMPSCI203), which covers the
basic of combinatorics and graph theory, and touches on some topics in algebraic combina-
torics such as generating functions, and (2) Abstract Algebra (MATH401), which introduces
the mathematical study of algebra, including group theory and applications to counting. In
COMPSCI203, we study how to write combinatorial proofs in this course, which appear many
times throughout this project, as well as fundamental combinatorial objects like binomial co-
efficients, multinomial coefficients, Stirling numbers of the 15t and 274 kind, Catalan numbers,
and more. Alternatively, the set of symmetric functions homogeneous of degree n form a com-
mutative ring, which is an algebraic structure studied extensively in MATH401. Understanding
rings and their properties are fundamental to understanding operations on symmetric func-
tions, such as the so-called ”Hall inner-product” of symmetric functions.

in which appear, for example, in Chapter [l in the proof of the so-called "hook length formula”.
In fact, this method of giving a probabilistic interpretation of some key numbers and using
normalization to prove they must add to 1 was used to prove the other, major open problem
in the study of the CSF, called the ”Stanley-Stembridge Conjecture” [10]. Understanding these
proofs requires an understanding of the fundamentals of probability, at least at the level of
applications.

My third thematic course is (3) Probabilitﬁ and Statistics (MATH205), the elements discussed

Given my interest in the topics covered by these three courses, I have found opportunities to en-
gage in the course material after my enrollment in the courses terminated. Throughout these
experiences, I was able to further solidify my interest in these topics, leading to my pursuit
of the chromatic symmetric function as a topic of study, as well as discuss relevant ideas and
brainstorm alongside faculty and peers at DKU. In the case of COMPSCI203, in the semester
following my enrollment in this course, I was invited by Professor Xing Shi Cai to study along-
side 3 other DKU peers a textbook entitled "Concrete Mathematics” by Donald Knuth. This
textbook directly extended the course materials of COMPSCI203, and we met weekly to dis-
cuss one chapter per meeting, with a different student presenting each week. In particular,
I recall presenting on the chapter regarding generating functions, which are a formal power
series, just like symmetric functions, and which deepened my interest in the field of algebraic
combinatorics. Beyond this reading group, I have had the privilege of serving as the teaching
assistant (TA) for this course under Professor Cai for two semesters (Spring 2024 and Spring
2025).

Regarding Abstract Algebra (MATH401), under the guidance of Professor Italo Simonelli, sev-
eral students and I began a venture in Fall 2024 to read-through the textbook "Algebra” by Emil

36



Artin, which is a more advanced extension of the course materials from MATH401. In particu-
lar, we adopted the same meeting style as the group led by Professor Cai, and are still meeting
regularly, discussing one chapter in each meeting. In specific, one very interesting topic that
I have discovered through this reading group is the application of group actions to counting,
that is, using algebra to study combinatorics.

Moreover, as the TA for MATH?2068 under Professor Pascal Grange in the current semester
(Spring 2025), I have found an opportunity to engage with the course materials by assisting
other students in comprehending the abstract ideas covered. In particular, I have found that
my own understanding of the course materials has significantly deepened as to explain some-
thing in clear terms requires a strong understanding. Moreover, revisiting these materials af-
ter taking the course Measure and Integration (MATH450) gives me a new perspective. Namely,
a function which assigns a probability to each event in an event space is a measure assigned to
that set. Therefore the results from general measure theory can be applied to probability the-
ory. For example, I now understand the derivations of results such as Chebyshev’s inequality
and the Borel-Cantelli lemma, which are stated, but not proven, in MATH206.

Finally, one of the most important ways that I have engaged with the DKU math community
is through the "Discrete Math Seminar”, which has been held semi-regularly for many years,
now. In Spring 2023, I was invited by Professor Simonelli to give a presentation at the seminar,
my chosen topic for-which was "Benford’s Law”. I found it very exciting to dive deeply into
this topic and design a comprehensive review of the results in the study of Benford’s Law that I
found most interesting. Furthermore, I was able to apply my knowledge in other courses, such
as my final project for Numerical Analysis (MATH302). This experience inspired me to deepen
my engagement with the seminar, not only helping to organize the seminar in the following
semesters, but also giving talks whenever the opportunity arose, covering the method of finite
differences in Fall 2023, and a research project I completed at another institution about pri-
vate algorithms to release graph properties in Fall 2024. I accredit the Discrete Math Seminar
and the dedicated faculty in DKU’s math department with my continued interest in pursuing
research in mathematics and theoretical computer science, and moreover my interest in this
project.

Sformerly MATH205
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