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Abstract

Segregation is the process of the separation of people or groups based on characteristics
such as race, ethnicity, religion, gender, or social status. In particular, one element of seg-
regation that has been particularly relevant in the past century is residential segregation,
both through active policies like redlining and Jim Crows laws, as well as implicit processes
such as gentrification, economic inequality, and group preferences. In 1969, Nobel Prize-
winning economist Thomas Schelling outlined a cellular automaton model for modeling de
facto, or non-intentional segregation of households with a binary classification in a commu-
nity. In this paper, we extend Schelling’s model by considering the case where household
classifications are non-binary, such as household income or wealth. We extend this idea
by considering a household’s satisfaction with their distance from the city center, which is
based on their wealth class. We find that the resulting residential dynamics closely resemble
the demographic "Concentric Zone model" as outlined by Ernest Burgess in 1925. Finally,
we point out the applicability of these models to policy-making and education and make
recommendations on how to further develop these models in future work.

1 Background

1.1 Segregation

Segregation is a sociological process by which people are separated into groups based on characteristics
such as race, religion, gender, and socioeconomic status. The study of segregation has a long history, and
is at the forefront of academic research today because of it’s implications for social justice and cohesion,
urban planning, health and well-being, and much more. For example, segregated communities, such as
predominately African American neighborhoods in the United States, often have unequal access to resources,
opportunities, and services, leading to disparities in education, healthcare, employment, and overall quality
of life. This is evident in, for example, the COVID-19 mortality rate, which was twice as high for black
Americans as it was for white Americans.(3). By better understanding the principles of segregation, we can
work to enact policy that counteracts such social disparities and work for a more equitable society generally.

Processes of segregation are usually divided into two classes, de jure and de facto. De jure segregation refers
to the enforced separation of people by law. For example, in the year 779, the imperial Tang Dynasty in
China issued a policy that forbade Uighurs from pretending to be Chinese, marrying Chinese females, and
enforcing the wearing of ethnic clothes.(4) By contrast, de jure segregation is a process of segregation that
exists despite the fact that perhaps it is not intended. For example, in the United States, segregation of
African American and white people occurs due to factors such as preference for white people to be among
white people and African Americans to be among African Americans, linguistic differences, and the inability
of African Americans to afford to live in areas which are predominately white, as these communities tend to
be more affluent.



2 Model Construction

2.1 One-Dimensional Model

In 1969, Nobel Prize-winning economist Thomas Schelling published a paper entitled Models of Segregation
in which he outlined a model of de facto segregation among two binary groups.(7)

He assumed that there is an equal proportion of white and black households arranged in a one-dimensional
array, and the households initially are randomly distributed among each other. This situation can be
represented by a line of 4+ and 0, where a + represents a white household and a 0 represents a black
household. For example,
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Figure 1: Initial distribution of white and black households in an array. All unhappy households are marked
with a dot. In this example, there are 15 white households, 15 black households, 5 unhappy white households,
and 6 unhappy black households.

Next, assume that the "neighborhood" of each household as extending four neighbors on either side of the
household. We assume that a household is "happy" if at least half of their neighbors are in the same group as
them. To update the model, going from left to right, we assume that each unhappy household inserts itself
to the nearest location in which it will be happy, where nearness is measured as the number of households
passed. For example, the next stage of the example in Figure 1 will be,
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Figure 2: Second state of white and black households in an array. Now there are just 4 unhappy households.

After one more iteration, we can see that all the households are happy, and the community is almost
segregated into 3 distinct neighborhoods.
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Figure 3: Third state of white and black households in an array. Now there are just 2 unhappy households.

This model demonstrates one of the main points of Schelling’s paper, namely, even though each individual
is not in favor of segregation, the group is. To be specific, even though each household only wanted half of
their neighbors to be like them, we ended up with large, homogeneous neighborhoods, where the average
number of similar neighbors is 81.8% after just 3 iterations of moving.

2.2 Two-Dimensional Model

Schelling’s original model can easily be generalized to two dimensions.(8) Continuing with each unit being
one household, the two-dimensional version of Schelling’s model models a map of a community of households.
The model is defined as follows:

Assume we have a n X n grid with an equal number of black and white households. There may (and should)
be vacant spots on the grid, hence, the number of each type of household is < %nQ. A neighborhood of a
household (h;) on the grid, denoted as Uy (h;), is defined as all of the houses within a k X k square centered
at h, not including h itself, where k is an odd number with k£ < n. We assign a tolerance 0 < 7 <1 for the
white households and tolerance 0 < 73 < 1 for the black households. The tolerance parameters define the
minimum proportion of neighbors that a household of each type requires in order to be happy.



An iteration of the model is defined as follows. In the order of left to right, top to bottom, each unhappy
household moves to the vacant spot in the grid that is the closest place in which they are happy. If there is
no such place, the household stays in-place. If there are multiple such places, pick one at random. The model
runs for a fixed amount of iterations determined beforehand by the user or until there is a 100% happiness
rate among all households.
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Figure 4: 4 x 4 grid populated randomly with 6 white and 6 black households. We take 7 = 79 = 0.5 and
k = 3. Households marked with a dot overhead are unhappy.

As we can see from Figure 4, the two-dimensional version of Schelling’s model follows the same trend as the
one-dimensional version. Namely, even though each household does not require a majority of their neighbors
to be the same as them, the community ends up segregated.

There are several metrics one can define to measure the level of segregation in a population in order to
analyze this model. For example, one can consider the proportion of households whose neighbors are all
similar to them. For example, in the simple example in Figure 4, after 4 iterations, the number of households
satisfying this requirement is 8/12 = 67%.

3 Models with Continuous Classes

3.1 Wealth Model

As Schelling originally developed his model to demonstrate racial segregation between white people and black
people in the United States, the classifications of households are defined as a binary relation. However, there
are other attributes which could lead to segregated neighborhoods for which it is not sufficient to consider a
binary classification such as "black" and "white".

For example, levels of wealth are distributed on a continuous spectrum and should be modeled as such. There
are several reasons why wealth is a major contributor to de facto segregation. Firstly, wealthier households
can afford more expensive homes in desirable areas, while lower-income individuals are often limited to more
affordable housing options, which may be concentrated in specific neighborhoods. Furthermore, wealthier
neighborhoods often have better access to high-quality schools, healthcare facilities, parks, and recreational
amenities. This attracts more affluent residents and can lead to a cycle where wealthier areas continue to
improve and attract even more wealth, while less affluent areas struggle to attract investment. Also, as with
the other cases, people often choose to live near others with similar socio-economic backgrounds, lifestyles,
and values.(6)

We define a model which assigns each household in the grid a random number between 0 and 1 pulled from
a uniform distribution, with 1 being the most wealthy to 0 being the most poor. Let a household’s wealth
be given by w; and the neighborhood of household i be U(h;). We define a household as "happy" if the
following inequality is satisfied,
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where 7 is a tolerance parameter set by the user. Hence, a household is happy with any average neighborhood
wealth that is within an interval of 27 centered at the household’s wealth.



Figure 5: Continuous class wealth segregation model in a 40x40 grid with 7 = 0.25 and 20% empty properties.
A neighborhood is defined as the eight (or fewer) households immediately surrounding a household. Darker
households have a higher wealth and lighter households have a small wealth. The first image is the initial
state, and all following images are 60 iterations after the previous one.

We can clearly see a cluster of wealthy households and districts of poorer households emerge after several
iterations of the model in Figure 5. We can quantify this segregation by looking at the average distribution
of wealth within each neighborhood. That is, we can see how much the average wealth of a neighborhood
differs from that of an individual household in that neighborhood.

We find that the average difference between a household’s wealth and their neighborhood after 10 trials of
200 iterations of the model is just 0.0856 with a standard deviation of 4.0 x 1073, indicating a very tight
spread of the data around the mean. Furthermore, we can chart the value of this statistic versus the number
of iterations as in Figure 6.

3.2 Wealth-Distance Model

One of the major demographic shifts in the past century was the process of "suburban sprawl"'. With the
advent of automobiles and improved transportation, wealthier individuals began moving to the suburbs to
escape the congestion, noise, and pollution of the cities. This trend was further fueled by government policies
that subsidized suburban development and home ownership. Also, suburbs often offer larger homes and more
space, which are attractive to wealthier individuals who can afford the higher property prices and taxes. In
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Figure 6: Graph displaying the convergence of the difference in household and neighborhood wealth in the
wealth model for 200 iterations. We set the parameters the same as for Figure 5. The low level of disparity
in neighborhood wealth indicates a wealth-segregated population.

contrast, cities tend to have more affordable housing options, such as apartments and smaller homes, which
are more accessible to lower-income individuals. Furthermore, there can be a self-reinforcing cycle where
affluent individuals move to certain areas, driving up property values and attracting more affluent residents,
while lower-income individuals are pushed to less desirable areas due to rising costs.(2) This can lead to
economic segregation.

We can incorporate this element of de facto segregation into our continuous wealth model by introducing
a positional term that contributes to the overall satisfaction of a household. We assume that the most
desirable place in the suburbs is the circle centered at the city center (0,0) with a radius of four-fifths of the
city border (B). This is because the prime properties are both reasonably close to the economic hub of the
city while being far-away enough to be secluded. Furthermore, we assume that the affordability of properties
decreases linearly with distance from the ideal circle, which determines the ideal location for people with
varying levels of wealth.

In specific, we assume the ideal circles for a given household’s wealth w; have radii %wi and %(2 —w;) and
are centered at (0,0). In order to construct a function which models how well a given household conforms to
this assumption, we can construct two Gaussian functions with maximums at the radii of the ideal circles,
namely,
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where z is the modulus of the household position vector h; = (x;, y;) with |z;|, |y;| < B which measures it’s
distance from the origin.

Furthermore, we introduce a parameter 0 < ¢ < 1, which describes the minimum satisfaction a household
needs from the distance from their ideal circle in order to be happy. Hence, a household is "happy" if both
the inequalities,
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are satisfied.



3 w=1

] T T T T T T T
—-200 -150 -100 -50 0 50 100 150 200
x

Figure 7: The left hand represents the spatial layout of the city, and properties that lie on the blue circle
are the most ideal. From this, we define the satisfaction metric on the right-hand side. There are two peaks
for lower wealth because households are most satisfied a certain distance away from either side of the ideal
circle. Averaged over values of w with o = B/10, households are satisfied with 50% of the total state space
for about 50.2% of the domain of the satisfaction function, therefore we take ¢ = 1 — 0.502 = 0.498.

Figure 8: Wealth-distance model in a 80 x 80 grid, with 7 = 0.25 and & = 0.498 and 20% vacant properties.
In this way, we ensure that each individual household is open to non-segregated communities both in wealth
and distance from the city center. We take the ideal circle to have radius %. Warmer colors have a higher
wealth, and cooler colors have a smaller wealth. [180 iterations].
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In Figure 8, we see a clear pattern in the distribution of households in the city which follows the "Concentric
Zone (CBD) Model" of a city as developed by Ernest Burgess in 1925,(1) as shown in Figure 9. Namely,
we see a clustering of the poorest people in the city center, which corresponds to the transition zone and
blue-collar residential area. Immediately around this cluster, there is a ring of beige households, representing
moderate wealth and defining the middle-income residential area in the CBD model. Finally, there is a clear
ring of wealthy neighborhoods in the commuter residential area that appears in our model.

[ ]1 CBD (central business district)
. 2 Transition zone
. 3 Blue-collar residential

] 4 Middle-income residential

D 5 Commuter residential

Figure 9: Ernest Burgess’s Concentric Zone model of a city, as developed in 1925. This model was developed
to explain the demographics in the city of Chicago. The CBD is the economic center of the city. The transition
zone consists of recent immigrant groups, deteriorated housing, factories, and abandoned buildings. Then,
the three residential areas increase in quality up to the commuter residential district, which consists of
people wealthy enough to afford larger and more expensive housing as well as transportation to and from
entertainment and work.

Clearly, there is extreme clustering in the center of the city, which doesn’t leave enough affordable housing
for the less wealthy people to live in, leaving them to flee far outside the city center, past the commuter zone.
This mimics a real phenomenon known as "residential displacement." Residential displacement occurs when
people are forced to move out of their homes or neighborhoods due to factors such as rising housing costs,
gentrification, and redevelopment. As a result, low-income individuals and families may be pushed to the
outskirts of the city or to areas with fewer resources and opportunities, exacerbating issues of inequality and
segregation.(5) Furthermore, we notice that there is a lower density of housing in the commuter zone, which
is a key feature of suburban sprawl. Namely, buildings usually have "fewer stories and are spaced farther
apart, separated by lawns, landscaping, roads or parking lots."(9)

This is supported by the fact that the mean wealth of dissatisfied people after 10 trials of 200 iterations of our
model is 0.3871 with a standard deviation of just 0.0076. This indicates that the less-wealthy people are more
dissatisfied with their household configuration while the wealthier people are more satisfied. Furthermore,
we conjecture that this number is inflated artificially because our model has finite bounds on the city’s area,
forcing poor people to live among wealthy people in the commuter zone, whereas in reality households can
move arbitrarily far-away from a city. Therefore, we predict that the average wealth of dissatisfied people
after the model converges is even lower in reality.

4 Conclusion

In this paper, we have examined Thomas Schelling’s cellular autonomon models for residential segregation
and proposed a novel extensions which adds to the complexity of his original model. Namely, we considered
characterizations of households that are not discrete.

This study and modeling of de facto segregation also serve a distinct pedagogical purpose. Namely, it is
clear from examining these models that aggregate individual preferences can sometimes lead to paradoxical
group preferences. For example, looking back at the one-dimensional model, we note that an arrangement
such as,
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Figure 10: Array of households with arbitrarily high satisfaction and complete desegregation.

has a fixed number of 4 unhappy households, therefore it has an arbitrarily high average satisfaction rate.
That said, the households are completely desegregated. The existence of such a counterexample shows that
individuals do not prefer segregation, even though this is the result of running the model every time. This
simple model conveys the point that individual tolerance is not enough to combat the forces of segregation,
and that legislative interventions are crucial.

We believe that much more work can be done to explore the dynamics of segregation through cellular au-
tonomon models. For example, our "wealth-distance" model considers two major determinants of segregation,
but leaves-out other major factors for simplicity such as race, distinct elements of the city such as parks,
economic centers, healthcare centers, and schools, and religion. Furthermore, we only consider de facto
segregation, and more work can be done to incorporate the effects of government policies such as redlining
and diversity programs into the model. Also, another further avenue could be to tailor this model based on
real-life demographic data such as people’s preferences to live among certain groups and spatial layouts of
different groups.
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