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Motivation

Motivation

A Nasty Sum
n∑

k=0

kHk = ???

Hx − lnx ≈ γ +
1

2x
,where γ = 0.5772156649...

∫ n

0

x lnx =
1

2
n2

(
lnn− 1

2

)
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Motivation

Real-Life Sums

1 Average codeword length (n bits),∑n
k=1 k2

k∑n
k=1 2

k

2 Sum of exponents
n∑

k=1

km , m ∈ Z

3 Number of comparisons in quick sort (n items)

2(n+ 1)

n∑
k=1

1

k + 1

Campbell Duke Kunshan University November 10, 2023 4 / 26



Finite Calculus

Finite Calculus
n∑

k=0

kHk = ???

We have already seen that

Infinite Calculus Finite Calculus∫ ∑
dx ∆n = 1

Let us find some more analogues between finite and infinite calculus.
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Finite Calculus

Derivatives
n∑

k=0

kHk = ???
Infinite Calculus Finite Calculus∫ ∑

dx ∆n = 1

Infinite calculus,

f ′(x) = Df(x) = lim
h→0

f(x+ h)− f(x)

h

Finite calculus,

∆f(x) = f(x+ 1)− f(x)
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Finite Calculus

Monomials
n∑

k=0

kHk = ???
Infinite Calculus Finite Calculus∫ ∑

dx ∆n = 1

Df(x) ∆f(x) = f(x + 1) − f(x)

Infinite calculus,

D(xm) = mxm−1

xm := x(x− 1)(x− 2)...(x−m+ 1) =

m−1∏
k=0

(x− k)

Finite calculus,

∆xm = (x+ 1)x(x− 1)...(x− (m− 2))− x(x− 1)...(x− (m− 1)) =

(x+ 1)xm−1 − (x− (m− 1))xm−1 = mxm−1
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Finite Calculus

Integration
n∑

k=0

kHk = ???
Infinite Calculus Finite Calculus∫ ∑

dx ∆n = 1

Df(x) ∆f(x) = f(x + 1) − f(x)

xm xm

Infinite calculus, ∫
f(x) dx = F (x) + C ⇐⇒ DF (x) = f(x)

Finite calculus, ∑
g(x) δx = G(x) + C(x) ⇐⇒ ∆G(x) = g(x)

∑
xm δx =

1

m+ 1
xm+1
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Finite Calculus

Definite Integration
n∑

k=0

kHk = ???
Infinite Calculus Finite Calculus∫ ∑

dx ∆n = 1

Df(x) ∆f(x) = f(x + 1) − f(x)

xm xm

Integral calculus, ∫ b

a

f(x) dx = F (b)− F (a)

Finite calculus, ∑b

a
g(x) δx := G(b)−G(a)
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Finite Calculus

Definite Anti-Difference
n∑

k=0

kHk = ???
Infinite Calculus Finite Calculus∫ ∑

dx ∆n = 1

Df(x) ∆f(x) = f(x + 1) − f(x)

xm xm

∑a

a
g(x) δx = 0

∑a+1

a
g(x) δx = G(a+ 1)−G(a) = ∆G(a) = g(a)

∑b

a
g(x) δx = g(b− 1) + g(b− 2) + ...+ g(a) =

b−1∑
k=a

g(k)
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Finite Calculus

Negative Falling Powers
n∑

k=0

kHk = ???
Infinite Calculus Finite Calculus∫ ∑

dx ∆n = 1

Df(x) ∆f(x) = f(x + 1) − f(x)

xm xm∫ b
a f(x) dx

∑b
a g(x) δx

xm−1 :=
1

x− (m− 1)
xm

x−1 =
1

x+ 1

x−3 =
1

(x+ 1)(x+ 2)(x+ 3)
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Finite Calculus

Natural Logarithm
n∑

k=0

kHk = ???
Infinite Calculus Finite Calculus∫ ∑

dx ∆n = 1

Df(x) ∆f(x) = f(x + 1) − f(x)

xm xm∫ b
a f(x) dx

∑b
a g(x) δx

Infinite calculus, ∫
x−1 dx = ln |x|+ C

Finite calculus, ∑
x−1 δx = Hx + C
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Finite Calculus

Product Rule
n∑

k=0

kHk = ???
Infinite Calculus Finite Calculus∫ ∑

dx ∆n = 1

Df(x) ∆f(x) = f(x + 1) − f(x)

xm xm∫ b
a f(x) dx

∑b
a g(x) δx

ln x Hx

∆(u(x)v(x)) = u(x+ 1)v(x+ 1)− u(x)v(x) =

u(x+ 1)v(x+ 1)− u(x)v(x+ 1) + u(x)v(x+ 1)− u(x)v(x) =

u(x)∆v(x) + v(x+ 1)∆u(x)

Advancement operator: Af(x) = f(x+ 1)

∆(uv) = u∆v +Av∆u
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Finite Calculus

Summation by Parts
n∑

k=0

kHk = ???
Infinite Calculus Finite Calculus∫ ∑

dx ∆n = 1

Df(x) ∆f(x) = f(x + 1) − f(x)

xm xm∫ b
a f(x) dx

∑b
a g(x) δx

ln x Hx
D(uv) = uDv + vDu ∆(uv) = u∆v + Av∆u

By the finite product rule,

u∆v = ∆(uv)−Av∆u

Which implies, ∑
u∆v δx = uv +

∑
Av∆u δx
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Finite Calculus

Finite Calculus Summary
n∑

k=0

kHk = ???

Infinite Calculus Finite Calculus∫ ∑
dx ∆n = 1

Df(x) ∆f(x) = f(x+ 1)− f(x)
xm xm∫ b

a
f(x) dx

∑b
a g(x) δx

lnx Hx

D(uv) = uDv + vDu ∆(uv) = u∆v +Av∆u∫
uv′ dx = uv +

∫
vu′ dx

∑
u∆v δx = uv +

∑
Av∆u δx
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Finite Calculus

Motivating Example

Let us return to our original example,
n∑

k=0

kHk

It is now not hard to see that
n∑

k=0

xHx =
1

2
n(n− 1)

(
Hn − 1

2

)
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Finite Calculus

Practice Problem

Your turn! What is,

n−1∑
k=0

(
k

m

)
Hk = ???

when m is a nonnegative integer?

Hint 1:
(
n

k

)
=

(
n− 1

k − 1

)
+

(
n− 1

k

)

Hint 2:
n−1∑
k=0

(
k + 1

m+ 1

)
1

k + 1
=

n−1∑
k=0

(
k

m

)
1

m+ 1
=

(
n

m+ 1

)
1

m+ 1

Answer:
(

n

m+ 1

)(
Hn − 1

m+ 1

)
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Stirling Numbers

Motivation

We want to be able to extend our tools of finite calculus to solve problems
involving normal exponents.

x2 = x2 + x1

x3 = x3 + 3x2 + x1

How do we convert between falling powers and exponents?
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Stirling Numbers

Stirling Numbers

Stirling numbers of the second kind,{
n

k

}
: ”n subset k”

Stirling numbers of the second kind count the number of ways to divide n objects
into k nonempty subsets.

Example:
{
3

2

}
= 3
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Stirling Numbers

Stirling Number Recurrence

Combinatorial proof that,{
n

k

}
=

{
n− 1

k − 1

}
+ k

{
n− 1

k

}
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Stirling Numbers

Connection to Falling Powers

xn =
∑
k

{
n

k

}
xk

Exponent rule for falling powers: xm+n = xm(x−m)n

xn+1 = xxn = x
∑
k

{
n

k

}
xk =

∑
k

{
n

k

}
xxk

=
∑
k

{
n

k

}(
xk+1 + kxk

)
=

∑
k

{
n

k − 1

}
xk +

∑
k

k

{
n

k

}
xk

=
∑
k

({
n

k − 1

}
+ k

{
n

k

})
xk =

∑
k

{
n+ 1

k

}
xk
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Euler’s Summation Formula

Euler’s Summation Formula

Taylor’s Theorem,

f(x+ ϵ) = f(x) +
f ′(x)

1!
ϵ+

f ′′(x)

2!
ϵ2 + ...

Setting ϵ = 1,

f(x+ 1)− f(x) = ∆f(x) =
f ′(x)

1!
+

f ′′(x)

2!
+

f ′′′(x)

3!
+ ...

=

(
D

1!
+

D2

2!
+

D3

3!
+ ...

)
f(x) = (eD − 1)f(x)
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Euler’s Summation Formula

Euler’s Summation Formula

Since ∆ = (eD − 1), ∑
=

1

eD − 1

z

ez − 1
=

∑
k≥0

Bk
zk

k!

where Bk is the kth Bernoulli number. Therefore,

∑
=

B0

D
+

B1

1!
+

B2

2!
D +

B3

3!
D2 + ... =

∫
+
∑
k≥1

Bk

k!
Dk−1
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Euler’s Summation Formula

Euler’s Summation Formula

Therefore,

∑b

a
f(x) δx =

∫ b

a

f(x) dx+
∑
k≥1

Bk

k!
f (k−1)(x)

∣∣∣∣b
a

Campbell Duke Kunshan University November 10, 2023 24 / 26



Euler’s Summation Formula

Euler’s Summation Formula
Using our summation formula,

Hn−1 =
∑n

1

1

x
δx =

∫ n

1

1

x
dx+

∑
k≥1

Bk

k!
f (k−1)(x)

∣∣∣∣n
1

So

Hn − lnn ≈ − 1

n
+

∑
k≥1

Bk

k!

(
f (k−1)(n)− f (k−1)(1)

)

Hn − lnn ≈ − 1

n
+

∑
k≥1

Bk

k!

(
(−1)k+1(k − 1)!(n−k − 1)

)
= − 1

n
+

∑
k≥1

(−1)k+1Bk

k
(n−k − 1)
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Euler’s Summation Formula

Euler’s Summation Formula

∣∣∣∣(H100 − ln 100)−
[

1

100
+

1000∑
k=1

Bk

k!

(
f (k−1)(100)− f (k−1)(1)

)]∣∣∣∣ = 1.52× 10−2

Question: Why does the error minimize around n = 400?
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