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Real-Life Sums

@ Average codeword length (n bits),

Yy R2*
> 28

@ Sum of exponents
S k™, mel
k=1

@ Number of comparisons in quick sort (n items)

2(n+1 z”:
k=1
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Finite Calculus

z”: kH, =777
k=0

We have already seen that

Infinite Calculus | Finite Calculus

/ >
dx An =1
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Finite Calculus

z”: kH, =777
k=0

We have already seen that

Infinite Calculus | Finite Calculus

/ >
dx An =1

Let us find some more analogues between finite and infinite calculus.
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Derivatives

Infinite Calculus Finite Calculus n
I >
= S > kHp =177
k=0

Infinite calculus,

f'(x) = Df(z) = lim flz+h) —f(=)

h—0 h
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Finite Calculus

Derivatives

Infinite Calculus Finite Calculus n
I >
= S > kHp =177
k=0

Infinite calculus,

f'(x) = Df(z) = lim flz+h) —f(=)

h—0 h

Finite calculus,

Af(x) = flz+1) - f(x)
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Monomials

Infinite Calculus Finite Calculus n
: e kH, =177
dx n =1 —
Di(2) 5@ =Gt D - T® Z LA
k=0

Infinite calculus,

D(z™) = ma™*
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Monomials

Infinite Calculus Finite Calculus

e I Y LH, =77
dx n=1 —
D7 (@) AT@ = JGFD —J@ Z k=
k=0

Infinite calculus,
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Monomials

Infinite Calculus Finite Calculus n
: e kH, =177
dx n =1 —
Di(2) 5@ =Gt D - T® Z LA

Infinite calculus,

Finite calculus,

At = (z+1z(z—1...(z—(m-2)) —z(z—1)...(z —(m—-1)) =
(z+1)z2=L — (z — (m — 1))2m=L = mgm=t
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Integration

Infinite Calculus Finite Calculus n
: e kH, =177
dx n=1 —
Dy(2) 5@ =G D - T® Z LA
e o7 k=0

Infinite calculus,

/f(a:) de =F(z)+C < DF(z) = f(z)
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Integration

Infinite Calculus Finite Calculus n
: e kH, =177
dx n=1 —
2E{ED) A =G+ D = @) Z LA
T o

Infinite calculus,

/f(a:) de =F(z)+C < DF(z) = f(z)

Finite calculus,

S g(a) (2) + Cl) < AG() = g(x)
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Integration

Infinite Calculus Finite Calculus n
: e kH, =177
dx n=1 —
2E{ED) A =G+ D = @) Z LA
T o

Infinite calculus,

/f(a:) de =F(z)+C < DF(z) = f(z)

Finite calculus,

S g(a) (2) + Cl) < AG() = g(x)

1
me(;xzimmiﬂ
m—+1
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Definite Integration

Infinite Calculus Finite Calculus n
: e kH, =177
dx n=1 —
Dy (2) 5@ =G D - T® Z LA
e o7 k=0

Integral calculus,
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L
Definite Integration

Infinite Calculus Finite Calculus n
: e kH, =177
dx n=1 —
Dy (2) 5@ =G D - T® Z LA
e o7 k=0

Integral calculus,

b
[ #@) da=F) - Fla)

Finite calculus,
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Definite Anti-Difference

Infinite Calculus Finite Calculus

L I Y LH 277
dx n=1 —
D7 (@) AT@ =JGFD —J@ Z k=

Z: g(z) 6z =0
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Definite Anti-Difference

Infinite Calculus Finite Calculus n
: e kH, =177
dx n=1 —
Dy (2) 5@ =G D - T® Z LA
e o7 k=0

Z: g(z) 6z =0

ZZH g(z) bz =G(a+1) — G(a) = AG(a) = g(a)
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Definite Anti-Difference

Infinite Calculus Finite Calculus n
: e kH, =177
dx n=1 —
Dy (2) 5@ =G D - T® Z LA
e o7 k=0

Z: g(z) 6z =0

ZZH g(z) bz =G(a+1) — G(a) = AG(a) = g(a)

b—1
S gla) b= g(b— 1)+ g(b—2) + . + gla) = Y g(k)
k=a
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Negative Falling Powers

Infinite Calculus Finite Calculus

e I 3 LH 277
dx n=1 —

Df (@) AT@ =7 FD 7@ Z k=
il o7 k=0

12 f (@) de >b (@) b
_ 1
L= o
x—(m-1)
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Negative Falling Powers

Infinite Calculus Finite Calculus
I >
dx An =1
Df(=) Af(@) =flz+1) — f(=)
" 2T
18 f (@) dx 5 a(@) o

Campbell

m—1 ,__ 1
Cx—(m—1)
1
-1 _
o oz +1
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Negative Falling Powers

Infinite Calculus Finite Calculus

e I 3 LH ?7?
dx n=1 —
Df (@) AT@ =7 FD 7@ Z k=
il o7 k=0
12 f (@) de >b (@) b

L= ! o
T r—(m—1)
1 1
r+1
_3 1

(x+1)(z+2)(x+3)
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Natural Logarithm

Infinite Calculus Finite Calculus

L I 3 LH ?7?
dx n=1 —
Df (@) AT =7 FD —T@ Z k=
il o7 k=0
12 f (@) da >0 () b

Infinite calculus,

/x_l de =In|z|+C
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Natural Logarithm

Infinite Calculus Finite Calculus

L I 3 LH ?7?
dx n=1 —
Df (@) AT =7 FD —T@ Z k=
il o7 k=0
12 f (@) da >0 () b

Infinite calculus,

/x_l de =In|z|+C
Finite calculus,

Zx;l&v:quLC
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Product Rule

Infinite Calculus Finite Calculus n
L I LH 7277
dz n =1 —
Df (@) AT =7 +D —T@ Z k=
il o7 k=0
12 f (@) de >0 () b
n Hy

A(u(z)v(z)) = u(z + Dv(z + 1) — u(z)v(z) =
u(x + Doz + 1) —u(@x)v(x + 1) + w(@)v(z + 1) — u(x)v(z) =
u(z)Av(z) + v(x + 1)Au(z)
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Product Rule

Infinite Calculus Finite Calculus n
L I LH 7277
dz n =1 —
Df (@) AT =7 +D —T@ Z k=
il o7 k=0
12 f (@) de >0 () b
n Hy

A(u(z)v(z)) = u(z + Dv(z + 1) — u(z)v(z) =
u(x + Doz + 1) —u(@x)v(x + 1) + w(@)v(z + 1) — u(x)v(z) =
u(z)Av(z) + v(x + 1)Au(z)

Advancement operator: Af(z) = f(x +1)
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Product Rule

Infinite Calculus Finite Calculus n
E N E LH 777
dz n =1 —
D7 (@) AT =G I D —T@) L
12 f(@) do b 9(@) 6w
Inx Hy

A(u(z)v(z)) = u(z + Dv(z + 1) — u(z)v(z) =
u(x + Doz + 1) —u(@x)v(x + 1) + w(@)v(z + 1) — u(x)v(z) =
u(z)Av(z) + v(x + 1)Au(z)

Advancement operator: Af(z) = f(x +1)

A(uv) = uAv + AvAu
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Summation by Parts

Infinite Calculus Finite Calculus n
L = LH 7277
dz n =1 —
D7 () AF@ =FE+D = 7@ Z E=
i T k=0
I f(@) dx 35 9(=) oa
nx Hy
D(uv) = wDv + vDu A(uv) = ubv + AvAu

By the finite product rule,

uAv = A(uww) — AvAu
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Summation by Parts

Infinite Calculus Finite Calculus

! Ve Y LH ?7?
dx n =1 —
D7 () AF@ =FE+D = 7@ Z k=
il e k=0
J2 (@) da S0 g(x) bz
Inz Hy
D(uv) = wDv + vDu A(uv) = ubv + AvAu

By the finite product rule,

uAv = A(uww) — AvAu
Which implies,

ZuAv or = uv + ZA’UAU ox
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Finite Calculus Summary

zn: kHy =777
k=0

Infinite Calculus Finite Calculus

J >
dz An=1

Df(z) Af(x) = flz+1) - f(x)
™ r

)

S, f(x) dx ZZ g(x) 6z
Inx H,
D(uv) = uDv + vDu A(uwv) = uAv + AvAu
Juw' dz =wv+ [vu dz | Y ulv bz =wv+ ) AvAu oz
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Motivating Example

Let us return to our original example,

k=0
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Motivating Example

Let us return to our original example,

k=0

It is now not hard to see that
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Practice Problem

Your turn! What is,
when m is a nonnegative integer?

(-6

n—1 n—1
k1) 1 k\ 1 n 1
Hint 2: —_— = _ = -
" kz_o<m+1)k+1 Z(m>m+1 (m—|—1>m+1
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Practice Problem

Your turn! What is,

when m is a nonnegative integer?

(-6

n—1 n—1
k1) 1 k\ 1 n 1
Hint 2: —_— = _ = -
" kz_o<m+1)k+1 Z(m>m+1 (m—|—1>m+1

Answer: " H, — L
m+1 m—+1
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Motivation

We want to be able to extend our tools of finite calculus to solve problems
involving normal exponents.
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Motivation

We want to be able to extend our tools of finite calculus to solve problems
involving normal exponents.

22 :xz—i—xl

23 =22 302 4+ oL
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Motivation

We want to be able to extend our tools of finite calculus to solve problems
involving normal exponents.

22 :xz—i—xl
3

3 =234 322 + 2L

How do we convert between falling powers and exponents?
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Stirling Numbers

Stirling numbers of the second kind,

{Z} "n subset k"
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Stirling Numbers

Stirling Numbers

Stirling numbers of the second kind,

{Z} "n subset k"

Stirling numbers of the second kind count the number of ways to divide n objects
into £ nonempty subsets.
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Stirling Numbers

Stirling Numbers

Stirling numbers of the second kind,

{Z} "n subset k"

Stirling numbers of the second kind count the number of ways to divide n objects

into £ nonempty subsets.
3
Example: {2} =3
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Stirling Number Recurrence

Combinatorial proof that,
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Connection to Falling Powers

-3l
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Connection to Falling Powers

-3l

Exponent rule for falling powers: 2% = 7™ (x — m)2
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Connection to Falling Powers

-3l

Exponent rule for falling powers: 2% = 7™ (x — m)2
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Euler's Summation Formula

Taylor's Theorem,

flxa+e) = f(z)+ @64’ %62 + ...
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Euler's Summation Formula

Taylor's Theorem,

fata =g+ LD LDy

Setting € = 1,

@), @), )

fe+1) = f@) = Af(@) = =+ 5= + g+
2 3
= (50 50 ) f = - 11w
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Euler's Summation Formula

Since A = (el — 1),
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Euler's Summation Formula

Since A = (el — 1),

k

z z

=Y B>

e? —1 Z R
k>0

where By, is the k" Bernoulli number. Therefore,
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Euler's Summation Formula

Since A = (el — 1),

1
=5

k

z z

=Y B>

e? —1 Z R
k>0

where By, is the k" Bernoulli number. Therefore,
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Euler's Summation Formula

Therefore,

b

b ’ By k-1
> f(@) 5ac:/ fl@) do+ Y —r fO0 (@)

k>1

a
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Euler's Summation Formula

Euler's Summation Formula

Using our summation formula,
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Euler's Summation Formula

Using our summation formula,

So
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Euler's Summation Formula

Euler's Summation Formula

Using our summation formula,

So

B
H, —Inn=~ —% + Z ]7:“ (f(k—l)(n) _ f(k—l)(l))

k>1

B
:—7+Z 1)k+1 ’“ (n=F—1)

k>1
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Euler's Summation Formula

1000

(H100 — In.100) {100 + Z (f(’“ Y (100) — f(kl)(l))” =1.52x 1072

0014~
0012;
0010
0.008 -
0005;
0004-

0.002 -

I 1 ! I
200 400 600 800 1000

Question: Why does the error minimize around n = 4007
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