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Proper Colorings
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Figure: A proper 3-coloring of the Petersen graph.
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Symmetric Polynomials

A polynomial is symmetric if it is unchanged under a swapping of its
variables.

For example,

f (x , y , z) = x2y2z + x2z2y + y2z2x
= f (x , z, y) = f (y , x , z) = f (z, x , y) = f (y , z, x) = f (z, y , x)

The set of symmetric functions homogeneous of degree n, Λn, is a vector
space over Q.
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Chromatic Symmetric Function
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f ( , , ) = 3 3 4 ≡ xφ
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Chromatic Symmetric Function

Chromatic symmetric function (CSF) of a graph G,

XG =
∑

φ proper
xφ

Open question. Does the CSF tell tree graphs apart?
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Chromatic Basis Theorem

Theorem. (Cho and Willenburg, 2008) Let Gk be connected with k
vertices and Gλ = Gλ1 + ...+ Gλl(λ) , then,

{XGλ
: λ ` n}

is a Q-basis for Λn.

Example: Let Sk be the star graph with k vertices. If
λ = (5, 4, 4, 2, 1) ` 16, then,

XSλ
= XS5 · X2

S4 · XS2 · XS1

Moreover,

XSk+1 =
k∑

r=0
(−1)r

(
n
r

)
p(r+1,1k−r )
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Chromatic Bases

Figure: Complete bipartite graph K5,3 (left), windmill graph W4,4 (right).
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Chromatic Bases

Theorem. (Campbell, 2025) Let Kn,m be the complete bipartite
graph with n + m vertices and Wk,r be the windmill graph which is
the composition of r copies of Kk . Then,

(i) XKn,m =
∑

λ`(n+m)

∑
µ`n
µ⊂λ

λ̃

µ̃ · ˜(λ− µ)

n! · m!

λ1!λ2!...λl(λ)!
mλ

(ii) XWk,r = (k − 1)!r
∑

λ`r(k−1)+1
r1M(λ−(1)),((k−1)r )mλ

where r1 is the number of 1’s in λ, and M(µ,((k−1)r ) is the number
of l(µ)× r matrices with entires in {0, 1} such that there are exactly
(k − 1) 1s in each column and µj 1s in the jth row.
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Chromatic Bases

Figure: Lollipop graph L11,4.
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Chromatic Bases

Theorem. (Campbell, 2025) Let Ln,c be the unique lollipop graph
on n vertices with girth c, then,

XLn,c =
∑
λ`n

Cn,c
λ pλ

where Cn,c
λ = f (Cn−1,c

λ ,Cn−2,c
λ , ...,Cc+1,c

λ ). In particular, we give an
explicit expression for f and Cc+1,c

λ .

J. Campbell Chromatic Symmetric Functions April 11th, 2025 11 / 18



Reconstructing Spiders
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Reconstructing Spiders

Theorem. (Martin, Morin, and Wager, 2008; Crew, 2022) Spiders
are distinguished by their CSF.

Theorem. (Campbell, 2025) Spiders can be reconstructed by their
CSF.
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Decomposing Trees

Theorem. (Orellana and Scott, 2014)

= + −
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Decomposing Trees

Theorem. (Campbell, 2025) Let T1,T2 be two labeled trees. Then
there is an algorithm which produces two sets of forests F1,F2, each
with precisely n − 2 edges, such that,

XT1 = XT2 +
∑

F1∈F1
F2∈F2

XF1 − XF2
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