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Fibonacci Numbers

The Fibonacci sequence is given by,

F(n)=F(n—1)+ F(n—2) where F(0) =F(1) =1
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Introduction

Fibonacci Numbers

The Fibonacci sequence is given by,

F(n)=F(n—1)+ F(n—2) where F(0) =F(1) =1

Which graph is correct?
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Frequency of leading digits of first 50,000 Fibonacci numbers.
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Fibonacci Numbers

Frequency of leading digits of first 50,000 Fibonacci numbers.
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Introduction

Benford’'s Law Visualization

Digit Probability P(d) Relative Size of P(d)

0.301
0.176
0.125
0.097
0.079
0.067
0.058
0.051
0.046
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History of Benford's Law

That the ten digits do not occur with equal frequency must be evident
to any one making much use of logarithmic tables, and noticing how much
faster the first pages wear out than the last ones. —Simon Newcomb
(1881)

Simon Newcomb, 1905
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History of Benford's Law

@ Benford’s Law was rediscovered by physicist Frank Benford in 1938.
@ Compiled over 20 tables containing over 20,000 data points supporting the
law

TABLE T

PercENTAGE OF TiMes THE Naturan Numsers 1 10 9 ArRe Usep as First
Digits IN NUMBERS, As DETERMINED BY 20,229 OBSERVATIONS

First Digit
Title ‘ount

Rivers, Area 31.0 | 164|107 | 113 | 72| 86| 55
Population | 33.9| 204 | 142| 81| 72| 62| 41| 3

Constants | 413|144 | 48| 86|106| 58/ 10| 29| 106| 104
Newspapers| 300 | 180 | 12.0| 10.0| 80| 60| 6.0

Spec. Heat | 24.0| 184 | 162 | 146 | 10.6| 41| 32

Pressure | 29.6( 183|128 | 98| 83| 64| 57| 44| 47| 703

H.P.Lost |300|184|11.9|108| 81| 70| 51| 51| 36| 690
Mol. Wet. | 26.7| 252| 154 | 108 | 6.7| 51| 41| 28 3.2|1800
Drainage 27.1|239|138|126| 82| 50| 50| 25| 1.9| 159
Atomic Wgt.| 47.2| 18.7 | 55| 44| 66| 44| 33| 44| 55 91
nVn, -+ | 257|203 97| 68| 66| 68| 72| 80! 8.9]5000
Design 268|148 143| 75| 83| 84| 7.0| 73| 56| 560

Digest 334 | 185|124 75| 71| 65| 55| 49| 42| 308
Cost Data | 32.4| 188|101 | 10.1| 98| 55| 47| 55| 31| 741

Black Body | 31.0| 17.3 | 14.1| 87| 66| 70| 52| 47| 541165
Addresses | 289 19.2| 126| 88| 85| 64| 56| 50| 50| 342
atnto--n! | 2531160 120 100 85| 88| 68| 7.1| 55| 900
DeathRate | 27.0 | 186 | 157 | 94| 6.7| 65 72| 48| 41| 418

HRDOPOZZ N R =~ H Q= HE QE> | Group

Average. ..... 30 4| 94| 80| 64 51| 49/ 471011
Probable Error |+0.8 |+0.4 |+0.4 |+0.3 |40.2 |+0.2 +0.2 (0.2 |03 | —
)

Frank Benford's original data supporting Benford's Law (1938)
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Notation

Let D, (x) be the n'" significant decimal digit
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Notation

Let D, (x) be the n'" significant decimal digit

@ Dy(m) =3, Da(m) =1, D3(w) =4
Dy (3) = D, (0.003)

°
3
—~
w
S
S
S—
I
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What is Benford's Law

Benford's Law (1st digit)

Prob(D; = d) = log;,(1+ 1)
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What is Benford's Law

Benford's Law (1st digit)

Prob(D; = d) = log;,(1+ 1)

And to make it a bit more general...
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What is Benford's Law

Benford's Law (1st digit)
Prob(D; = d) = log;,(1+ 1)

And to make it a bit more general...

Benford’s Law

P?"Ob(Dl =dy, Dy =ds,...,Dp, = dm) = IOglo(l - (ZT:l 10m_jd]‘)_1)

Campbell Duke Kunshan University May 12, 2023



Example

Pick any number from a distribution that follows Benford’'s Law.

What's the probability that the first five digits are the same as 7?7
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Mathematical Framework

Example

Pick any number from a distribution that follows Benford’'s Law.

What's the probability that the first five digits are the same as 7?7

Prob(Dy =3,Dy =1,D3 =4,D, = 1,D5 = 5) = log (1 + 57515)

=logy,(31418) ~ 0.0000138
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Suprising Result?

Prob(Dy = 1) = Y.7_; 10g14(1 + 577) = logio(50ast2) ~ 0.1138
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Suprising Result?

Prob(Dy = 1) = Y.7_; 10g14(1 + 577) = logio(50ast2) ~ 0.1138

But...
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Mathematical Framework

Suprising Result?

Prob(Dy = 1) = Y.7_; 10g14(1 + 577) = logio(50ast2) ~ 0.1138

But...

log (145 lo —lo
Prob(Dy = 1|Dy = 1) = ©elliin) — lono(2)—loguo1l) _ 1955
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Mathematical Framework

Suprising Result?

Prob(Dy = 1) = Y.7_; 10g14(1 + 577) = logio(50ast2) ~ 0.1138

But...

log (145 lo —lo
Prob(Dy = 1|Dy = 1) = ©elliin) — lono(2)—loguo1l) _ 1955

Conclusion: Significant digits are dependent.
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Mathematical Framework

Significand

Another useful concept when taking about Benford's Law is the significand, also
called the mantissa.

The significand of a number, call it S(x), is its coeffcient when expressed in
"scientific” (floating-point) notation.
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Mathematical Framework

Significand

Another useful concept when taking about Benford's Law is the significand, also
called the mantissa.

The significand of a number, call it S(x), is its coeffcient when expressed in
"scientific” (floating-point) notation.

P =6.626 x 1073* (Plank Constant)
S(P) = 6.626
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Significand Function

Explicity, the base-10 significand function S : R — [1,10) is given by,

Significand Function

S(z) = 108 |z|—Llog|z|] 5(0):=0
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Significand Function

Explicity, the base-10 significand function S : R — [1,10) is given by,

Significand Function

S(z) = 108 |z|—Llog|z|] 5(0):=0

o S(V2) = S(—v2) = S(10v2) = v2 = 1.414...
o S(n71) = S(107~ ') = 107~! = 3.183
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Mathematical Framework

Significand Function

Explicity, the base-10 significand function S : R — [1,10) is given by,

Significand Function

S(x) = 108 |z|—Llog|z|] 5(0):=0

o S(V2) = S(—v2) = S(10v2) = v2 = 1.414...
o S(n71) = S(107~ ') = 107~! = 3.183

Using the significand we can state Benford's Law in a new (and super concise)
way:

Benford’s Law

Prob(S <t) =log(t), t € [1,10)
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Mathematical Framework

o-Algebras

Informal statements about Benford's Law all involve probabilities, therefore for

mathematical precision it is necessary to reformulate these statements in the
setting of rigorous probability theory.
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Mathematical Framework

o-Algebras

Informal statements about Benford's Law all involve probabilities, therefore for
mathematical precision it is necessary to reformulate these statements in the
setting of rigorous probability theory.

A probability space (2, F,P) consists of three objects: an outcome space (2, a
o-algebra F, and a probability measure P.
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o-Algebras

Informal statements about Benford's Law all involve probabilities, therefore for
mathematical precision it is necessary to reformulate these statements in the
setting of rigorous probability theory.

A probability space (2, F,P) consists of three objects: an outcome space (2, a
o-algebra F, and a probability measure P.

A o-algebra F on Q is simply a subset of Q such that ) € F and F is closed
under complements and countable unions.
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o-Algebras

Informal statements about Benford's Law all involve probabilities, therefore for
mathematical precision it is necessary to reformulate these statements in the
setting of rigorous probability theory.

A probability space (2, F,P) consists of three objects: an outcome space (2, a
o-algebra F, and a probability measure P.

A o-algebra F on Q is simply a subset of Q such that ) € F and F is closed
under complements and countable unions.

Example: The power set of 2, which is the set containing all possible subsets of
), is the largest possible o-algebra on €.
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o-Algebra Generated by a Function

For a subset C' on R and a function f : Q — R, the pre-image of C' under f is
defined as:
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o-Algebra Generated by a Function

For a subset C' on R and a function f : Q — R, the pre-image of C' under f is
defined as:

fHCO) ={weQ: flw)eC}
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Mathematical Framework

o-Algebra Generated by a Function

For a subset C' on R and a function f : Q — R, the pre-image of C' under f is
defined as:

fHCO) ={weQ: flw)eC}

The o-algebra generated by f is:
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Mathematical Framework

o-Algebra Generated by a Function

For a subset C' on R and a function f : Q — R, the pre-image of C' under f is
defined as:

fHCO) ={weQ: flw)eC}

The o-algebra generated by f is:

a(f)={f"'(J):J CR,J an interval}
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Mathematical Framework

o-Algebra Generated by a Function

For a subset C' on R and a function f : Q — R, the pre-image of C' under f is
defined as:

fHCO) ={weQ: flw)eC}

The o-algebra generated by f is:

a(f)={f"'(J):J CR,J an interval}

o(f) is the smallest o-algebra on ) that contains all sets of the form
{weN:a< f(w) <b} for every a,b € R.
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Significand o-Algebra

We define the significand o-algebra S to be the o-algebra generated by the
significand function S, i.e. S =Rt No(9)
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Mathematical Framework

Significand o-Algebra
We define the significand o-algebra S to be the o-algebra generated by the
significand function S, i.e. S =Rt No(9)

Importance: For every event A € S and every x > 0, knowing S(x) is enough to
determine whether z € A or z ¢ A.
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Mathematical Framework

Significand o-Algebra

We define the significand o-algebra S to be the o-algebra generated by the
significand function S, i.e. S =Rt No(9)

Importance: For every event A € S and every x > 0, knowing S(x) is enough to
determine whether z € A or z ¢ A.

Corollary: S is the family of events A € R™ that can be described completely
in-terms of their significands. For example,
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Mathematical Framework

Significand o-Algebra

We define the significand o-algebra S to be the o-algebra generated by the
significand function S, i.e. S =Rt No(9)

Importance: For every event A € S and every x > 0, knowing S(x) is enough to
determine whether z € A or z ¢ A.

Corollary: S is the family of events A € R™ that can be described completely
in-terms of their significands. For example,

e A = {SU >0: Dl(l') = 1,D3({E) 7& 7}
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Mathematical Framework

Significand o-Algebra

We define the significand o-algebra S to be the o-algebra generated by the
significand function S, i.e. S =Rt No(9)

Importance: For every event A € S and every x > 0, knowing S(x) is enough to
determine whether z € A or z ¢ A.

Corollary: S is the family of events A € R™ that can be described completely
in-terms of their significands. For example,

o A :{SU>OZD1(£L') = 1,D3({E) 7&7}
e Ay ={x>0:D,(x) € {5,6} for all m € N}
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Mathematical Framework

Significand o-Algebra

We define the significand o-algebra S to be the o-algebra generated by the
significand function S, i.e. S =Rt No(9)

Importance: For every event A € S and every x > 0, knowing S(x) is enough to
determine whether z € A or z ¢ A.

Corollary: S is the family of events A € R™ that can be described completely
in-terms of their significands. For example,

) A1:{$>0D1($):1,D3($)7ﬁ7}
e Ay ={x>0:D,(x) € {5,6} for all m € N}
e As;={x>0:5(z) e Q}
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Mathematical Framework

Significand o-Algebra

We define the significand o-algebra S to be the o-algebra generated by the
significand function S, i.e. S =Rt No(9)

Importance: For every event A € S and every x > 0, knowing S(x) is enough to
determine whether z € A or z ¢ A.

Corollary: S is the family of events A € R™ that can be described completely
in-terms of their significands. For example,

) A1:{$>0D1($):1,D3($)7ﬁ7}
@ Ay ={z>0:Dy(x) € {5,6} for all m € N}
e As;={x>0:5(z) e Q}

Whereas, for example, the interval [1, 2] does not belong to S.
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Questions you may have...

@ How do we derive the distribution function for Benford’s Law?
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Questions you may have...

@ How do we derive the distribution function for Benford’s Law?

@ Which distributions of numbers follow Benford's Law?
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Questions you may have...

@ How do we derive the distribution function for Benford’s Law?

@ Which distributions of numbers follow Benford's Law?
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Mathematical Derivation

Let Q = R™T be our sample space.
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Mathematical Derivation
Let Q = R™T be our sample space.

We want to find a probability measure P(d) on 2, where d € [0..9] is the leading
digit of a number in Q.
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Mathematical Derivation
Let Q = R™T be our sample space.

We want to find a probability measure P(d) on 2, where d € [0..9] is the leading
digit of a number in Q.

We can begin by defining the set of numbers in 2 with leading digit d. We can
represent this in set notation as
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Mathematical Derivation
Let Q = R™T be our sample space.

We want to find a probability measure P(d) on 2, where d € [0..9] is the leading
digit of a number in Q.

We can begin by defining the set of numbers in 2 with leading digit d. We can
represent this in set notation as

S@= U [d-10",(d+1)-10")

n=—oo
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Mathematical Framework

Mathematical Derivation
Let Q = R™T be our sample space.

We want to find a probability measure P(d) on 2, where d € [0..9] is the leading
digit of a number in Q.

We can begin by defining the set of numbers in 2 with leading digit d. We can
represent this in set notation as

o0

U [d-10™, (d+1)-10")

n=—oo

S(d)

Let f(z) be a continuous density function on €2, then it immediately follows that
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Mathematical Framework

Mathematical Derivation
Let Q = R™T be our sample space.

We want to find a probability measure P(d) on 2, where d € [0..9] is the leading
digit of a number in Q.

We can begin by defining the set of numbers in 2 with leading digit d. We can
represent this in set notation as

o0

U [d-10™, (d+1)-10")

n=—oo

S(d)

Let f(z) be a continuous density function on €2, then it immediately follows that

oo (d+1)-10"

Pd)= > [ [fla)de

n=—oo q.107
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Mathematical Framework

Mathematical Derivation
Let Q = R™T be our sample space.

We want to find a probability measure P(d) on 2, where d € [0..9] is the leading
digit of a number in Q.

We can begin by defining the set of numbers in 2 with leading digit d. We can
represent this in set notation as

S@= U [d-10",(d+1)-10")

n=—oo
Let f(z) be a continuous density function on €2, then it immediately follows that

oo (d+1)-10"

Pd)= > [ [fla)de

n=—o0 d.10™

Where P(d) is the probability of picking a number from distribution f(x)
beginning with d.
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Mathematical Derivation

Introducing An = 1, we can approximate the double integral,
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Mathematical Derivation

Introducing An = 1, we can approximate the double integral,

0o (d+1)-10™ oo (d+1)-10™
Pd)=( > [ f@do)An= [( [ f(z)dz)dn
n=—oo d.10m —00 d-10™
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Mathematical Derivation

Introducing An = 1, we can approximate the double integral,

0o (d+1)-10™ oo (d+1)-10™
Pd)=( > [ f@do)An= [( [ f(z)dz)dn
n=—oo d.10m —00 d-10™

Make the following substitutions:

t=d-10"; dn= 7tlnd(t10)

r=ty, dr=tdy

Campbell Duke Kunshan University May 12, 2023



Mathematical Framework

Mathematical Derivation

Introducing An = 1, we can approximate the double integral,

0o (d+1)-10™ oo (d+1)-10™
Pd)=( > [ f@do)An= [( [ f(z)dz)dn
n=—oo d.10m —00 d-10™

Make the following substitutions:

t=d-10"; dn= 7tlnd(t10)

r=ty, dr=tdy

Giving

1

al=

o 1+g

+
1f flty)tdy - t1n10 1n1ofdt f f(ty)d

22
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Mathematical Derivation

Let f(ty) = ¢(y,t). By Fubini's Theorem,
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Mathematical Derivation

Let f(ty) = ¢(y,t). By Fubini's Theorem,

0o 1+d 1+d fore)
Nlnlofdtf dy—mfdyf(ﬁy,
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Mathematical Derivation

Let f(ty) = ¢(y,t). By Fubini's Theorem,

o 143 I+
~ lnlO f dt f t)dy = zmo f dy f P(y,t)
143 ©© 1 1
1 1 Inl1+4= Inl+=
=~ io 1f gdyoff(x)dz: lnlodgf(x)dx: 10
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Mathematical Derivation

Let f(ty) = ¢(y,t). By Fubini's Theorem,

o 143 I+
~ lnlO f dt f t)dy = zmo f dy f P(y,t)
143 ©© 1 1
1 1 Inl1+4= Inl+=
=~ io 1f gdyoff(x)dz: lnlodgf(x)dx: 10

By the change-of-base rule for logarithms, we are left with,
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Mathematical Framework

Mathematical Derivation

Let f(ty) = ¢(y,t). By Fubini's Theorem,

0o 1+d 1+d fore)
Nlnlofdtf dy—mfdyf(ﬁy,

1421
In1+1 In1+1
:1n10 f Y yff )dz = 1n10dff($)d5’3: 10

By the change-of-base rule for logarithms, we are left with,

Benford’'s Law

P(d) = log;, (1 + é)
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Mathematical Framework

Benford's Law Derivation

Thus, even though many common sequences... do not follow Benford's
Law, those that do are so ubiquitous that many authors have assumed
that a simple explanation must exist... [however], there does not appear
to be a simple derivation of Benford’s Law that both offers a "correct
explanation” and... provide(s) insight. —Arno Berger (2011)
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Mathematical Framework

Benford's Law Derivation

Thus, even though many common sequences... do not follow Benford's
Law, those that do are so ubiquitous that many authors have assumed
that a simple explanation must exist... [however], there does not appear
to be a simple derivation of Benford’s Law that both offers a "correct
explanation” and... provide(s) insight. —Arno Berger (2011)

| think in statistics we need derivations, not proofs. That is, lines of
reasoning from some assumptions to a formula, or a procedure, which
may or may not have certain properties in a given context, but which, all
going well, might provide some insight. —Terry Speed (2009)
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Questions you may have...

@ How do we derive the distribution function for Benford’s Law?

@ Which distributions of numbers follow Benford’s Law?
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Which distributions of numbers follow Benford's Law?

A sequence (x,,) is said to be Benford if,
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Benford Sequences

Which distributions of numbers follow Benford's Law?

A sequence (x,,) is said to be Benford if,

Benford Sequence

#{1<n<N:S(zn)<t} _
v —

th—)—i—oo

logt, forallt € [1,10)

Where #{-} denotes the number of elements in the set.

Campbell Duke Kunshan University May 12, 2023



Example (Natural Numbers)

Is the sequence of natural numbers (z,) = n Benford?
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Example (Natural Numbers)

Is the sequence of natural numbers (z,) = n Benford?

Let's look at a plot of natural numbers n vs. + - #{N € [1,n]: S(N) =1}
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Example (Natural Numbers)

Is the sequence of natural numbers (z,) = n Benford?

Let's look at a plot of natural numbers n vs. + - #{N € [1,n]: S(N) =1}

Frequency of S(n)=1

- - - - n
10 100 1000 10000
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Benford Sequences

Example (Natural Numbers)

As we might expect, we see that,

S #{Ne€[1n:S(N)=1}\ _ 1
liminf N — +o0( - )=3%

and,
. #{Ne[ln]:S(N)=1}\ _ 5
limsup N — +o0( - ) =3
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Example (Natural Numbers)

As we might expect, we see that,

S #{Ne€[1n:S(N)=1}\ _ 1
liminf N — +o0( - )=3%
and,
. #{Ne[ln]:S(N)=1}\ _ 5
limsup N — +o0( - ) =3

So the limit does not exist, and (z,,) = n is not Benford!
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Example (Exponential)

Is the sequence (x,) = 2™ Benford?
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Example (Exponential)

Is the sequence (x,) = 2™ Benford?

Yes. Why?
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Benford Sequences

Example (Exponential)

Is the sequence (x,) = 2™ Benford?

Yes. Why?

Plot of n vs.

Campbell

1

n

Frequency

1.00 [+

095+

0.90

“#{N € [1,n]: S(2) < 7} with line y = log(7) shown.
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Benford Sequences

Example (Exponential)

Is the sequence (x,) = 2™ Benford?

Yes. Why?

Frequency

1.00 [+
095+

0.90

Plot of nvs. L. #{N € [1,n]: S(2") < 7} with line y = log(7) shown.

Proof later.

Campbell

Duke Kunshan University May 12, 2023



Example (Exponential)

Is the sequence (x,) = 2™ Benford?

What about in base 27
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Benford Sequences

Example (Exponential)

Is the sequence (x,) = 2™ Benford?
What about in base 27

(2n) = 2"pase 2 = 1, 10,100, 1000, 10000, ...
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Example (Exponential)

Is the sequence (x,) = 2™ Benford?

What about in base 27

(2n) = 2™pase 2 = 1, 10,100, 1000, 10000, ...

Prob(Dy'® = 0) =1 — Prob(Dy® = 1) =log,(3) — 1 > 1

So (2,) = 2™pase 2 is not Benford!
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Other Benford Sequences

@ The Fibonacci Sequence
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Other Benford Sequences

@ The Fibonacci Sequence
o (f™(wo)) where f(z) = ax® with a > 0,b > 1

o Benford for almost all o > 0, but every non-empty open interval in R
contains uncountably many xo for which (f™(zo)) is not Benford.

Campbell Duke Kunshan University May 12, 2023



Other Benford Sequences

@ The Fibonacci Sequence
o (f™(wo)) where f(z) = ax® with a > 0,b > 1
o Benford for almost all o > 0, but every non-empty open interval in R

contains uncountably many xo for which (f™(zo)) is not Benford.

@ (0™) for any irrational 6.
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Other Benford Sequences

The Fibonacci Sequence

(f™(z0)) where f(x) = az® with a > 0,b > 1
o Benford for almost all o > 0, but every non-empty open interval in R
contains uncountably many xo for which (f™(zo)) is not Benford.

@ (0™) for any irrational 6.

@ Prime numbers

e "Logarithmic Benford”
o Logarithmic density of {n € N: S(z,) < t} = log(t)
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Application to Newton's Method

Newton's Method is used to approximate the roots of real-valued functions using
the function,
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Benford Sequences

Application to Newton's Method

Newton's Method is used to approximate the roots of real-valued functions using
the function,

Ny(z) =2 — —

g'(z)

It can be shown that for x( sufficiently close to a root =’ (i.e. g(a’) = 0), that

limy, o0 (Ng" (z0)) = 2’
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Application to Newton's Method

Let the function g : I — R be real-analytic with g(z’) = 0, and assume that g is
not linear.

(i) If 2’ is a simple root (multiplicity 1), then (x, — 2’) and (2,11 — 2,) are both
Benford for almost all 2y in a neighborhood of z'.

(i) If 2’ has multiplicity > 2, then (z, — 2’) and (2,+1 — ) are Benford for all
xo # ' sufficiently close to z'.
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Benford Sequences

Application to Newton's Method

Example: Let g(z) = e® — 2, then g has a root at 2’ = In(2) and
Ny(x) =z — 14 2e~". By the above theorem, the sequences (x,, — ') and
(Zp41 — zp) are both Benford for almost all zy near z’.
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Application to Newton's Method

Example: Let g(z) = e® — 2, then g has a root at 2’ = In(2) and
Ny(x) =z — 14 2e~". By the above theorem, the sequences (x,, — ') and
(Zp41 — zp) are both Benford for almost all zy near z’.

Why it matters?: In computer algorithms, roundoff errors are inevitable. In
computer implementations of Newton's Method, there is normally an assumption
of uniformly distributed fraction parts. Such an assumption would lead to an
underestimate in the average relative round-off error in the above case.
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Application to Newton's Method

"[l]n order to analyze the average behavior of floating-point arithmetic
algorithms, we need some statistical information that allows us to deter-
mine how often various cases arise... [If, for example, the] leading digits
tend to be small [, that] makes the most obvious techniques of "average
error” estimation for floating-point calculations invalid. The relative error
due to rounding is usually... more than expected. —~Donald Knuth,
The Art of Computer Programming (1968)
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Application to Newton's Method

"[l]n order to analyze the average behavior of floating-point arithmetic
algorithms, we need some statistical information that allows us to deter-
mine how often various cases arise... [If, for example, the] leading digits
tend to be small [, that] makes the most obvious techniques of "average
error” estimation for floating-point calculations invalid. The relative error
due to rounding is usually... more than expected. —~Donald Knuth,
The Art of Computer Programming (1968)

Question:
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Benford Random Variables

Benford Random Variables
A random variable X on probability space (2, F,P) is Benford if

P(S(X) <t) =log(t) for all t € [1,10)
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Benford Random Variables

Benford Random Variables

A random variable X on probability space (2, F,P) is Benford if
P(S(X) <t) =log(t) for all t € [1,10)

Or equivalently, S(X) is an absolutely continous random variable with density
fsx)(t) =t log(e)
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Benford Random Variables and Distributions

Benford Random Variables

Benford Random Variables

A random variable X on probability space (2, F,P) is Benford if
P(S(X) <t) =log(t) for all t € [1,10)

Or equivalently, S(X) is an absolutely continous random variable with density
fsx)(t) =t log(e)

Examples:
o P(D1(X)=1)=P1 < S(X) <2)=1og(2)
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Benford Random Variables and Distributions

Benford Random Variables

Benford Random Variables

A random variable X on probability space (2, F,P) is Benford if
P(S(X) <t) =log(t) for all t € [1,10)

Or equivalently, S(X) is an absolutely continous random variable with density
fsx)(t) =t log(e)

Examples:
o P(D1(X)=1)=P1 < S(X) <2)=1og(2)
o P(D1(X) =9) = log(})
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Benford Random Variables and Distributions

Benford Random Variables

Benford Random Variables

A random variable X on probability space (2, F,P) is Benford if
P(S(X) <t) =log(t) for all t € [1,10)

Or equivalently, S(X) is an absolutely continous random variable with density
fsx)(t) =t log(e)

Examples:

4) = log(537)
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N-Valued Random Variables

One might consider classifying N-valued random variables (i.e. P(X € N) =1) as
Benford on N if
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N-Valued Random Variables

One might consider classifying N-valued random variables (i.e. P(X € N) =1) as
Benford on N if

P(S(X) < t) = log(t)
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Benford Random Variables and Distributions

N-Valued Random Variables

One might consider classifying N-valued random variables (i.e. P(X € N) =1) as
Benford on N if

P(S(X) < t) = log(t)

However, no such random variable exists!
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Benford Random Variables and Distributions

Which Distributions are Benford?

None of the standard continuous probability distributions (e.g., uniform,

exponential, normal, etc.) are Benford, however their deviation from Benford's law
can be quantified using the metric
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Benford Random Variables and Distributions

Which Distributions are Benford?

None of the standard continuous probability distributions (e.g., uniform,

exponential, normal, etc.) are Benford, however their deviation from Benford's law
can be quantified using the metric

Ano := 100 - supy <, 19 |Fis(x)(t) —log(t)]
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Which Distributions are Benford?

None of the standard continuous probability distributions (e.g., uniform,
exponential, normal, etc.) are Benford, however their deviation from Benford's law
can be quantified using the metric

Ano := 100 - supy <, 19 |Fis(x)(t) —log(t)]

Where A, = 0 if and only if X is Benford and A, = 100 if and only if
P(S(X)=1)=1
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Example: Exponential Distribution

Consider the exponential distribution centered a 1 with cumulative distribution
given by:

0 if £ <0
1 —e* otherwise
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Benford Random Variables and Distributions

Example: Exponential Distribution

Consider the exponential distribution centered a 1 with cumulative distribution

given by:
0 if £ <0
1 —e* otherwise

P(Dy(X) =1) = P(X € Uyep 10¥]1,2)) = 3 (6710 — e 210"
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Example: Exponential Distribution

Consider the exponential distribution centered a 1 with cumulative distribution

given by:
0 if £ <0
1 —e* otherwise

P(Dy(X) =1) = P(X € Uyep 10¥]1,2)) = 3 (6710 — e 210"

L

P(Dy(X) = 1) > (ets

|
o
2l
N~—
+
—
m\
L

C ) (10— o) ~ 03156 > log(2)
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Example: Exponential Distribution

Consider the exponential distribution centered a 1 with cumulative distribution
given by:

0 if £ <0
1 —e* otherwise

P(Dy(X) =1) = P(X € Uyep 10¥]1,2)) = 3 (6710 — e 210"
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Other Common Distributions

Here is a table of other common distributions and how closely they follow
Benford's Law:
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Other Common Distributions

Here is a table of other common distributions and how closely they follow
Benford's Law:

H Distributions A H

Uniform [0,1] 26.88
Exponential(1)  3.05
Pareto(1) 26.88
Arcsin 28.77
Standard Normal  6.05
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Note on Uniform Distribution

Theorem 4.1

For every uniformly distributed positive random variable X,
maxi<t<10|Fs(x)(t) — log(t)| > 15 + 3 (log(9) — log(e) + loglog(e)) ~ 0.1344
And this bound is sharp.
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Benford Random Variables and Distributions

Note on Uniform Distribution

Theorem 4.1

For every uniformly distributed positive random variable X,
maxi<t<10|Fs(x)(t) — log(t)| > 15 + 3 (log(9) — log(e) + loglog(e)) ~ 0.1344
And this bound is sharp.

Fallacy: Regularity and large spread implies Benford's Law.
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Note on Uniform Distribution

Theorem 4.1

For every uniformly distributed positive random variable X,
maxi<t<10|Fs(x)(t) — log(t)| > 15 + 3 (log(9) — log(e) + loglog(e)) ~ 0.1344
And this bound is sharp.

Fallacy: Regularity and large spread implies Benford's Law.

Now, this claim is clearly false. No matter how large the spread, if data follows a
uniform distribution then it does not conform to Benford’s Law.
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Uniform Distribution Modulo 1

If a sequence is uniformly distributed modulo 1 (u.d. mod 1), the distribution of
it's fractional parts is uniform on the interval [0,1).
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Connection to Uniform Distribution

Uniform Distribution Modulo 1

If a sequence is uniformly distributed modulo 1 (u.d. mod 1), the distribution of
it's fractional parts is uniform on the interval [0,1).

For convenience, let () =z mod 1 denote the fractional part of z.
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Connection to Uniform Distribution

Uniform Distribution Modulo 1

If a sequence is uniformly distributed modulo 1 (u.d. mod 1), the distribution of
it's fractional parts is uniform on the interval [0,1).

For convenience, let () =z mod 1 denote the fractional part of z.

Uniform Distribution Modulo 1

A sequence (x,) = (21,2, ...) of real numbers is u.d mod 1 if

limy o0 w = s forall s €[0,1)
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Connection to Uniform Distribution

Uniform Distribution Modulo 1 (Random Variables)

This definition has a natural extension to random variables, namely,

Uniform Distribution Modulo 1 (Random Variables)

A random variable (r.v.) X on a probability space (£2,0,P) is u.d. mod 1 if

P((X) <s)=s forall s € [0,1)
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Connection to Benford's Law

A sequence of real numbers or random variable is Benford if and only if the
decimal logarithm of its absolute value is uniformly distributed modulo one.
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Connection to Uniform Distribution

Connection to Benford's Law

A sequence of real numbers or random variable is Benford if and only if the
decimal logarithm of its absolute value is uniformly distributed modulo one.

Importance: Theorem 5.1 is one of the main tools in the theory of Benford’s law

because it allows application of the powerful theory of uniform distribution modulo
one.
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Proof of Theorem 5.1

Let X be a random variable. Then, for all s € [0, 1),
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Proof of Theorem 5.1

Let X be a random variable. Then, for all s € [0, 1),

P((log |X]) < s)
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Proof of Theorem 5.1

Let X be a random variable. Then, for all s € [0, 1),

P((log [X[) < s) = P(log |X| € Upezlk, k + 5])
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Proof of Theorem 5.1

Let X be a random variable. Then, for all s € [0, 1),
P((log | X|) < 5) = P(log | X| € Uyesll s + )

= P(|X| € Upez[10%, 10575]) + P(X = 0)
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Proof of Theorem 5.1

Let X be a random variable. Then, for all s € [0, 1),
P((log | X|) < 5) = P(log | X| € Uyesll s + )

=P(|X| € Upez[10%,10F75]) + P(X = 0) = P(S(X) < 10°)
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Proof of Theorem 5.1

Let X be a random variable. Then, for all s € [0, 1),
P((log | X]) < 5) = P(log | X| € Uycslks k + s])
=P(|X| € Upez[10%,10F75]) + P(X = 0) = P(S(X) < 10°)

Recall that a random variable Y is Benford if
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Proof of Theorem 5.1

Let X be a random variable. Then, for all s € [0, 1),
P((log | X]) < 5) = P(log | X| € Uycslks k + s])
=P(|X| € Upez[10%,10F75]) + P(X = 0) = P(S(X) < 10°)

Recall that a random variable Y is Benford if

P(S(Y) < 1) = log(t)
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Proof of Theorem 5.1

Let X be a random variable. Then, for all s € [0, 1),

P((log [X[) < s) = P(log |X| € Upezlk, k + 5])

=P(|X| € Upez[10%,10F75]) + P(X = 0) = P(S(X) < 10°)
Recall that a random variable Y is Benford if

B(S(Y) < 1) = log(t)
Hence, P((log | X|) < s) = s < P(S(X) < 10°) = log(10°) = s
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Connection to Uniform Distribution

Proof of Theorem 5.1

Let X be a random variable. Then, for all s € [0, 1),

P((log [X[) < s) = P(log |X| € Upezlk, k + 5])

=P(|X| € Upez[10%,10F75]) + P(X = 0) = P(S(X) < 10°)
Recall that a random variable Y is Benford if

B(S(Y) < 1) = log(t)
Hence, P((log | X|) < s) = s < P(S(X) < 10°) = log(10°) = s

The proofs for sequences are completely analagous.
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Applications

Proposition: Let (x,) = (x1,z2,...) be a sequence of real numbers.

If limy, 00 (Tn+1 — Tn) = O for some irrational 6, then (z,,) is u.d. mod 1.
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Connection to Uniform Distribution

Applications

Proposition: Let (x,) = (x1,z2,...) be a sequence of real numbers.
If limy, 00 (Tn+1 — Tn) = O for some irrational 6, then (z,,) is u.d. mod 1.

Example: Consider the family of sequences (d,,) = (nlog(«)). If log(«) is
irrational, i.e. & =2 or a = m, then by the above proposition (d,,) is u.d. mod 1.
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Applications

Proposition: Let (x,) = (x1,z2,...) be a sequence of real numbers.
If limy, 00 (Tn+1 — Tn) = O for some irrational 6, then (z,,) is u.d. mod 1.

Example: Consider the family of sequences (d,,) = (nlog(«)). If log(«) is
irrational, i.e. & =2 or a = m, then by the above proposition (d,,) is u.d. mod 1.

The corresponding Benford sequences (those whose decimal logarithm is given by
(dy)) are 2™ and 7.
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Applications

Proposition: Let (x,) = (x1,z2,...) be a sequence of real numbers.
If limy, 00 (Tn+1 — Tn) = O for some irrational 6, then (z,,) is u.d. mod 1.

Example: Consider the family of sequences (d,,) = (nlog(«)). If log(«) is
irrational, i.e. & =2 or a = m, then by the above proposition (d,,) is u.d. mod 1.

The corresponding Benford sequences (those whose decimal logarithm is given by
(dy)) are 2™ and 7.

It is easy to show through this method that, for instance, 8™ is Benford for any
irrational 6.
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US Taxpayer Records

Although US financial data is safeguarded, forensic analysist Mark Nigiri sourced
157,518 taxpayer records from 1978 for analysis using Benford's Law.
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Real Life Examples

US Taxpayer Records

Although US financial data is safeguarded, forensic analysist Mark Nigiri sourced
157,518 taxpayer records from 1978 for analysis using Benford's Law.

Note that we can use the general Benford’s Law given by
PTOb(Dl = dl, D2 = d2, ceey Dm = dm) = IOglo(]. —+ (Z;n:l ].Omijdj)il)

to compute the joint probability for the of the first n digits occurring.
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FIRST-TWO DIGITS

E=VActual  ——Benford's Law

Frequency of first two digits: Dividend income declared
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US Taxpayer Records



US Taxpayer Records

PROPORTION

FIRST-TWO DIGITS

E=VActual  ——Benford's Law

Frequency of first two digits: Dividend income declared

Question: Why are there spikes at multiples of 107
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US Taxpayer Records

0.035

0.030

0.025

0.020

PROPORTION

0.015

0.010

FIRST-TWO DIGITS

E=SActual —— Benford'sLaw

Frequency of first two digits: Interest expense claimed
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US Taxpayer Records

PROPORTION
° °

50
FIRST-TWO DIGITS

E=SActual —— Benford'sLaw

Frequency of first two digits: Interest expense claimed

Question: Why are the higher values supressed here?
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2020 US Presidential Election

Following the 2020 US presidential election, many online debates were started due
to some election data seemingly not matching Benford's Law.
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Real Life Examples

2020 US Presidential Election

Following the 2020 US presidential election, many online debates were started due
to some election data seemingly not matching Benford's Law.

Specifically, online threads opened about the legitimacy of the election data
reported from the city of Chicago.
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Real Life Examples

2020 US Presidential Election

Following the 2020 US presidential election, many online debates were started due
to some election data seemingly not matching Benford's Law.

Specifically, online threads opened about the legitimacy of the election data
reported from the city of Chicago.

The city of Chicago has 2,069 precincts which report election data. Each precinct

is roughly the same size, with the smallest reporting 39 votes, and the biggest
1655, with an average of 516 and a standard deviation of 173.
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2020 US Presidential Election

Chicago

Joseph R.Biden & Kamala D. Harris

freauency
§ 88 88

g

a 3 7 1 5

H
Leading Digit

Donald ) Trump & Michael R_Pence

Frequency
s 8

1 2 3 a 5 3 7 & 9
Leading Digit
o Expected (Benford's law)

Plots of 2020 Chicago presidential election data by candiadate for 2,069 precincts with
the predicted values by Benford's Law shown.
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2020 US Presidential Election

[l]f a competitive two candidate race occurs in districts whose magni-
tude varies between 100 and 1000, the modal first digit for each candi-
date'’s vote will not be 1 or 2 but rather 4, 5, or 6. — Henry E. Brady
(2005)
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